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This program needs the associated Legendre polynomials file AssocLegendrePoly.

Input state mode (to generate the main input data files for tracer, source and winds)

Source.out

I
Number of wind fields E.g. 200
Time difference between wind fields (seconds)E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Extract which level number? E.g. 11 (~500 hPa)

0 do not do convert wind resolution step
Type of set-up for truth field 1: tracer  to be advected, 1 source, 1 sink1000 ± 2

2: as opt. 1 but with 1 source field
3: data from UnadvectTruth.nc
     tracer  to be advected± 2

Wind inflation factor E.g. 1.0

Algorithm

• If level : Convert first "Number of wind fields" wind files specified in the file FullResFileList (files
are in directory FullResWinds) to low resolution and at one level.  Each low resolution wind is output
in RedResWinds/RedResWindxxxx.  This name is appended to the file RedResFileList.

> 0

• Each high resolution wind field (, ) should be on a C-grid  and stored in a netCDF file.  The
number of longitude and latitude points are specified by nlongs_in and nlats_in.  One level
only, "Extract which level number", is extracted per field.  The number of longitudes and
latitudes is nlongs, nlats.

u v

• Set-up the truth field, Truth.nc.

• If "Truth set-up type" is 1 then the source is set to one source and one sink region in the
domain, the tracer is set to , and is advected by the winds to give the Truth.nc.1000 ± 2

• If "Truth set-up type" is 2 then the source and initial tracer is read from the file
UnadvectTruth.nc, the initial tracer is  and is advected by the winds to give the Truth.nc.± 2
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Standard deviation mode (to generate a file of background standard deviations)

Source.out

S
Option for creation of standard deviation 1: constant

2: lat dependent
3: land-sea mask dependent

If choose opt. 1
Tracer standard deviation E.g. 15.0
Source standard deviation E.g. 1.5E-5
If choose opt. 2
Tracer standard deviation E.g. 15.0
High source standard deviation E.g. 4.0E-6
Low source standard deviation E.g. 2.0E-6
Lat of peak source E.g. 40
Width of peak source E.g. 17
If choose opt. 3
Tracer standard deviation E.g. 15.0
Land source standard deviation E.g. 2.5E-5
Sea source standard deviation E.g. 2.0E-6

Algorithm

• Make file BgStd.nc with the background error standard deviations as specified above.
• Note that option 3 needs to input the file SourceSinkMask

Background state mode (to generate a valid background state)

Source.out

B
Tracer background error peak spectral variance E.g. 3.8828
Source background error peak spectral variance E.g. 5.88
Tracer background error lengthscale E.g. 0.03
Source background error lengthscale E.g. 0.01

Algorithm

• Set-up the background spectra of the tracer and source using the above information.
• Read-in the tracer/source standard deviation fields, BgStd.nc.
• Read-in the true tracer and source field, Truth.nc.
• Add random noise (consistent with the background error covariances) to the truth.
• Output the background tracer and source field, Background.nc.
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Observation mode (to generate synthetic observations)

Source.out

O
Number of wind fields E.g. 200
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Wind inflation factor E.g. 1.0
Preset or arbitrary observation times/locations 0: arbitrary (times/locations) read from file

1: preset positions (regular spaced)
2: preset positions (satellite tracks)

If choose arbitrary observations (0):
Use rdm noise for pseudo obs or fixed innov 1: random obs with variance spec in file

2: fixed innov with sqrt of variance spec in file
If choose preset observations (1) or (2):
Observation error variance E.g. 25.0
Number of time steps between observations E.g. 1
If choose preset regular spaced observations (1):
Spacing between observations in grid points
If choose preset satellite observations (2):
Period of orbit (seconds) E.g. 7200.0 (2 hours)
Longitude of node (degrees) E.g. 30.0
Inclination (degrees) E.g. 65.0
Greenwich offset at t=0 (degrees) E.g. 0.0

Algorithm

• If choose regular or satellite observations

• Place observations locations in structure (timestep, longitude, latitude, variance).

• If choose arbitrary observations

• Read-in observations from file ArbitraryObs with the structure given below.

• Generate synthetic observations by running the model from the truth (in file Truth.nc) and applying the
forward mode and adding Gaussian noise (the model run requires the file ResResFileList - see above).

• Model observations are output to the file Observations with the structure given below.

Structure of file ArbitraryObs (second line onwards repeated for each observation)
Number of observations in this file
Blank line
Timestep of this observation
Longitude of this observation
Latitude of this observation
Variance of this observation or square of fixed innovation (depending upon flag above)

Structure of file Observations (second line onwards repeated for each observation)
Number of observations in this file
Separator line
Timestep of this observation
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Longitude of this observation
Latitude of this observation
Variance of this observation
Value of this observation

Variational mode (to do a weak constraint variational data assimilation run)

Source.out

V
Number of wind fields E.g. 200
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Tracer error variance E.g. 3.8828
Source error variance E.g. 5.88
Tracer error lengthscale E.g. 0.03
Source error lengthscale E.g. 0.01
Wind inflation factor E.g. 1.0
Size of gradient to satisfy convergence E.g. 1.0e-10
Max number of iterations E.g. 50
Estimate analysis error 0 off

1 on

Algorithm

• Read in background state, file Background.nc.
• Read in observations, file Observations.
• Set-up the background spectra of the tracer and source using the above information.
• Read-in the tracer/source standard deviation fields, BgStd.nc.
• Output verbose description of operations, file VarStatus.
• For each iteration, output observation information in file VarStatus

• timestep, obs value, model obs value, variance

• For each iteration, output statistical information in file VarStats

• iteration No., J, JB_tracer, JB_source, JO, sqrt(norm(residual))

• Output analysis increments, AnalInc.nc, the analysis, Anal.nc, and (if requested) Anal_err.nc.

Test mode (to perform test routines)

Source.out

T
Test run type 1 random number test

2 Legendre polynomial orthog. test
3 inverse transform tests
4 adjoint tests
5 implied covariance test (t=0)
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6 implied covariance test (t>=0)
7 gradient test

If choose random number test (1)
Random number variance
Random number mean
If choose Legendre polynomial orthog. test (2)
Maximum number of wavenumbers in test
If choose inverse transform test (3)
Maximum number of wavenumbers in test
Source flag 0 off

1 on
If choose adjoint tests (4)
Tracer error variance E.g. 3.8828
Source error variance E.g. 5.88
Tracer lengthscale E.g. 0.03
Source lengthscale E.g. 0.01
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Number of wind fields E.g. 200
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Wind inflation factor E.g. 1.0
If choose t=0 implied covariance test (5)
Tracer error variance E.g. 3.8828
Source error variance E.g. 5.88
Tracer lengthscale E.g. 0.03
Source lengthscale E.g. 0.01
x grid position of delta-function (index)
y grid position of delta-function (index)
If choose t>=0 implied cov. test (randomizer method) (6) NOT YET CODED
Tracer error variance E.g. 3.8828
Source error variance E.g. 5.88
Tracer lengthscale E.g. 0.03
Source lengthscale E.g. 0.01
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Number of wind fields E.g. 200
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
x grid position of delta-function (index)
y grid position of delta-function (index)
Wind inflation factor E.g. 1.0
If choose gradient test (7)
Tracer error variance E.g. 3.8828
Source error variance E.g. 5.88
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Tracer lengthscale E.g. 0.03
Source lengthscale E.g. 0.01
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Number of wind fields E.g. 200
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Wind inflation factor E.g. 1.0

Algorithm for random number test

• Choose 1000 top-hat random numbers between 0 and "Random number variance".  Output in file,
TopHatTest.

• Choose 1000 random numbers from Gaussian distribution specified by mean "Random number mean"
and variance "Random number variance".  Output in file, GaussianTest.

Algorithm for Legendre polynomial orthogonality test

π
180 ∫

90

θ = −90

dθP̂m
l (sinθπ / 180) P̂m

l′ (sinθπ / 180) cosθπ / 180 =
?
δll′Check 

Algorithm inverse transform test

• Read in truth state, Truth.nc.
• Add Gaussian noise.
• Output noisy field, TestFieldIn.nc.
• Spectral transform to spectral space.
• Inverse spectral transform back to real space.
• Output the original field in real space in TestField.nc.
• Calculate and output the difference between final and original fields in Difference.nc.

Algorithm for adjoint tests

(Av)T Av =
?

vTATAv

• Interpolate_1d
• Interpolate_2d_tracer
• Obs_Operator_t
• Spec2Real
• CVT
• SortHalos_field
• Model

Algorithm for t=0 implied covariance test

B = (CVT) (CVT)T

• Set-up the background spectra of the tracer and source using the above information.
• Read-in the tracer/source standard deviation fields, BgStd.nc.
• Output in file StrucFunc.nc

Algorithm for gradient test

J (x + δx) = J (x) + ∇J (x)αδx + O (αδx)2

J (x + δx) − J (x)
∇J (x)αδx

= 1 + O (αδx)2
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∴ lim
α → 0

J (x + δx) − J (x)
∇J (x)αδx

→ 1

• Output verbose description of operations, file GradTest
• Read-in background state, file Background.nc.
• Read-in observations, file Observations.
• Set-up the background spectra of the tracer and source using the above information.
• Read-in the tracer/source standard deviation fields, BgStd.nc.
• Calculate  and the gradient at the background and output Forwardxxxx.nc, Adjointxxxx.nc,

Minus_obs_grad.nc and Minus_bg_grad.nc as part of the gradient calculation.
J

• Calculate a random state vector.
• Loop around different values for .α

• Calculate the above quantity to file GradTest.

Forecast mode

Source.out

F
Number of wind fields E.g. 200
Time difference between wind fields (seconds) E.g. 21600.0 (6 hours)
Time step of integration scheme (seconds) E.g. 360.0 (6 minutes)
Source flag 0 off

1 on
Advection scheme 1: Centred difference

2: Forward-upstream
Diffusion coefficient E.g. 120000.0
Output frequency Output every  steps to filen

ForeStepxxx.nc
-1 for end only

Wind inflation factor E.g. 1.0

Algorithm for forecast mode

• Read in initial conditions, InitConds.nc.
• Advect tracer.
• Output final state with filename, Forecast.nc.

The state vector and 4d-Var formulae
The augmented state vector

Xå (t) = ( )xå (t)
ρå (t)

The time evolution model

xå (t + 1) = Mt + 1xå (t) + ρå (t)

ρå (t + 1) = ρå (t)
The sensitivity of future states to the immediately earlier state

δxå (t + 1) =
∂ xå (t + 1)
∂ xå (t)

δxå (t) +
∂ xå (t + 1)
∂ ρå (t)

δρå (t)
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= Mt + 1δxå (t) + Nt + 1δρå (t)

δρå (t + 1) = δρå (t)

( ) = ( ) ( )δxå (t + 1)
δρå (t + 1)

Mt + 1 Nt + 1

0 I

δxå (t)
δρå (t)

δXå (t + 1) = Ωt + 1δXå (t)
The adjoint operator

δXå ˆ (t) = ΩT
t + 1δXå ˆ (t + 1)

( ) = ( ) ( )δxå ˆ (t)

δρå ˆ (t)

MT
t + 1 0

NT
t + 1 I

δxå ˆ (t + 1)

δρå ˆ (t + 1)

The sensitivity of the state at time  to all earlier timesT

δxå (T)

=
∂ xå (T)

∂ xå (T − 1)
δxå (T − 1) +

∂ xå (T)
∂ ρå (T − 1)

δρå (T − 1)

=
∂ xå (T)

∂ xå (T − 1) (∂ xå (T − 1)
∂ xå (T − 2)

δxå (T − 2) +
∂ xå (T − 1)
∂ ρå (T − 2)

δρå (T − 2)) +
∂ xå (T)

∂ ρå (T − 1)
δρå (T − 2)

=
∂ xå (T)

∂ xå (T − 1) (∂ xå (T − 1)
∂ xå (T − 2) (∂ xå (T − 2)

∂ xå (T − 3)
δxå (T − 3) +

∂ xå (T − 2)
∂ ρå (T − 3)

δρå (T − 3)) +
∂ xå (T − 1)
∂ ρå (T − 2)

δρå (T − 3)) +

∂ xå (T)
∂ ρå (T − 1)

δρå (T − 3)

δxå (T) = MTMT − 1… M1δxå (0) + NTδρå (0) + ∑
T − 1

t = 1

MTMT − 1… Mt + 1Ntδρå (0)

The 4d-Var gradient formula (without the source term)

∇x(0)J = −B−1 (xå B − xå ) − ∑
T

t = 0

MT
1MT

2… MT
t HT

t R−1
t (yå (t) − Ht [xå (t)])

The 4d-Var gradient formula (with the source term)

∇X(0)J = −B−1 (Xå B − Xå ) − ∑
T

t = 0

ΩT
1ΩT

2… ΩT
t HT

t R−1
t (yå (t) − Ht [xå (t)])

Simple advection scheme for the sources and sinks
∂ χ
∂ t

= −uå ⋅ ∇χ + ρ

χt + 1
ij − χt

ij

δt
= −

1
2 (ut

ij

χt
i + 1,j − χt

ij

δx
+ ut

i − 1,j
χt

ij − χt
i − 1,j

δx
 + vt

ij

χt
i,j + 1 − χt

ij

δy
+ vt

i,j − 1
χt

ij − χt
i,j − 1

δy ) + ρij

χt + 1
ij = χt

ij −
δt

2 (ut
ij

χt
i + 1,j − χt

ij

δx
+ ut

i − 1,j
χt

ij − χt
i − 1,j

δx
 + vt

ij

χt
i,j + 1 − χt

ij

δy
+ vt

i,j − 1
χt

ij − χt
i,j − 1

δy ) + δtρij

The spherical harmonics
Expansion
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f (θ, φ) = ∑
L

l = 0
∑

l

m = −l

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

)

Orthogonality relations for exponentials and associated Legendre polynomials

π
180 ∫

360

θ = 0

dθ expim
θπ
180

exp−im′
θπ
180

= 2πδmm′

π
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) P̂m
l′ (sin

φπ
180

) cos
φπ
180

= δll′

Definition of P̂m
l

P̂m
l = Pm

l ( 2
2l + 1

(l + m)!
(l − m)! )−1/2

Identity relating  and Pm
l P−m

l

P−m
m = (−1)m (l − m)!

(l + m)!
Pm

l

Identity relating  and  followsPm
l P−m

l

( 2
2l + 1

(l − m)!
(l + m)! )1/2

P̂−m
l = (−1)m (l − m)!

(l + m)! ( 2
2l + 1

(l + m)!
(l − m)! )1/2

P̂m
l

(l − m)!
(l + m)!

P̂−m
l = (−1)m (l − m)!

(l + m)!
P̂m

l

P̂−m
l = (−1)m P̂m

l

Inverse expansion (using orthogonality)

f (θ, φ) = ∑
L

l′ = 0
∑

l′

m′ = −l′
Fm′

l′ expim′
θπ
180

P̂m′
l′ (sin

φπ
180

)

π
180 ∫

360

θ = 0

dθ exp−im
θπ
180

π
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) cos
φπ
180

f (θ, φ)

= ∑
L

l′ = 0
∑

l′

m′ = −l′
Fm′

l′
π

180 ∫
360

θ = 0

dθ exp−im
θπ
180

expim′
θπ
180

π
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) P̂m′
l′ (sin

φπ
180

) cos
φπ
180

= ∑
L

l′ = 0
∑

l′

m′ = −l′
Fm′

l′ 2πδmm′
π

180 ∫
90

φ = −90

dφP̂m
l (sin

φπ
180

) P̂m′
l′ (sin

φπ
180

) cos
φπ
180

= 2π ∑
L

l′ = 0

Fm
l′
π

180 ∫
90

φ = −90

dφP̂m
l (sin

φπ
180

) P̂m
l′ (sin

φπ
180

) cos
φπ
180

= 2π ∑
L

l′ = 0

Fm
l′ δll′ = 2πFm

l

∴ Fm
l =

1
2

π
1802 ∫

360

θ = 0

dθ exp−im
θπ
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) cos
φπ
180

f (θ, φ)

Expansion for real functions

Fm
l

∗
=

1
2

π
1802 ∫

360

θ = 0

dθ expim
θπ
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) cos
φπ
180

f ∗ (θ, φ)  f ∗ (θ, φ) = f (θ, φ)

F−m
l

∗
=

1
2

π
1802 ∫

360

θ = 0

dθ exp−im
θπ
180 ∫

90

φ = −90

dφP̂−m
l (sin

φπ
180

) cos
φπ
180

f (θ, φ)
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= (−1)m 1
2

π
1802 ∫

360

θ = 0

dθ exp−im
θπ
180 ∫

90

φ = −90

dφP̂m
l (sin

φπ
180

) cos
φπ
180

f (θ, φ)

= (−1)m Fm
l

Recovering the function using only the positive sm

f (θ, φ) = ∑
L

l = 0
∑

l

m = −l

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

)

= ∑
L

l = 0
( ∑

−1

m = −l

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

) + F0
l P̂0

l (sin
φπ
180

) + ∑
l

m = 1

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

))
= ∑

L

l = 0
( ∑

−1

−m = −l

F−m
l exp−im

θπ
180

P̂−m
l (sin

φπ
180

) + F0
l P̂0

l (sin
φπ
180

) + ∑
l

m = 1

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

))
= ∑

L

l = 0
( ∑

1

m = −l

(−1)m Fm
l

∗
exp−im

θπ
180

(−1)m P̂m
l (sin

φπ
180

) + F0
l P̂0

l (sin
φπ
180

) + ∑
l

m = 1

Fm
l expim

θπ
180

P̂m
l (sin

φπ
180

))
= ∑

L

l = 0
( ∑

l

m = 1

Fm
l

∗
exp−im

θπ
180

+ Fm
l expim

θπ
180

 P̂m
l (sin

φπ
180

) + F0
l P̂0

l (sin
φπ
180

))
= ∑

L

l = 0
( ∑

l

m = 1


(Fm

l expim
θπ
180)∗

+ Fm
l expim

θπ
180


 P̂m

l (sin
φπ
180

) + F0
l P̂0

l (sin
φπ
180

))
= ∑

L

l = 0
( ∑

l

m = 1

2 Re(Fm
l expim

θπ
180) P̂m

l (sin
φπ
180

) + F0
l P̂0

l (sin
φπ
180

))
= ∑

L

l = 0
( ∑

l

m = 1

2 (Re(Fm
l ) cosm

θπ
180

− Im (Fm
l ) sinm

θπ
180) P̂m

l (sin
φπ
180

) + F0
l P̂0

l (sin
φπ
180

))

The conjugate gradient minimization algorithm

See [1] for details of the conjugate gradient algorithm.

1 Set the initial guess, χ0

2 Calculate the initial residual, r0 = −∇J (χ0)
3 Set the initial search direction, p0 = r0

4 Set the iteration number to zero, i = 0
5 Do a line minimization along the search direction,  to determine  - see Eqs. (S5.1) and (S5.3)pi χi + 1

6 Calculate the new residual, ri + 1 = −∇J (χi + 1)
7 Calculate the new search direction,  - see Eqs. (S7.1) and (S7.2)pi + 1

8 Set i → i + 1
9 Go to 5 unless converged

Notes about some of these steps are shown below.

Notes about step 5
Equation (1.8) of [1] says that

χi + 1 = χi + βipi (S5.1)
The scalar  is to be determined by line minimization.ai

J = J (χi)  J+ = J (χi + δ ⋅ pi)  J− = J (χi − δ ⋅ pi) (S5.2)
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βi =
1
2

J− − J+

J− + J+ − 2J
δ (S5.3)

Notes about step 7
Equations (1.26) and (1.28) of [1] say that

pi + 1 = ri + 1 + αiipi (S7.1)

 αii =
rT

i + 1ri + 1

rT
i ri

(S7.2)where

Estimating the analysis errors from the conjugate gradient calculation
The conjugate gradient algorithm may be summarised as (S5.1), (S5.3), (S.6), (S7.1) and (S7.2).  The equations
bear some similarity with the Lanczos method [2][3].  To see this, consider the following.

Taylor series and its derivative (where  is the Hessian in the -representation).Aχ χ

J (χi + 1) = J (χi) + ∇T
χJ [χi] (χi + 1 − χi) +

1
2

(χi + 1 − χi)
T Aχ (χi + 1 − χi) (1)

∇χJ [χi + 1] = ∇χJ [χi] + Aχ (χi + 1 − χi)

−ri + 1 = −ri + Aχ (χi + 1 − χi)

∴ Aχ (χi + 1 − χi) = − (ri + 1 − ri) (2)
Eliminate the search directions (the ) from (S5.1) and (S7.1)pi

(S5.1) ⇒ χi + 1 = χi + βipi

(S5.1) ⇒ χi = χi − 1 + βi − 1pi − 1

(S7.1) ⇒ pi = ri + αi − 1,i − 1pi − 1

χi + 1 − χi

βi
= ri + αi − 1,i − 1

χi − χi − 1

βi − 1
(3)

Act with  and use (2)Aχ

Aχ (χi + 1 − χi)
βi

= Aχri + αi − 1,i − 1
Aχ (χi − χi − 1)

βi − 1

− (ri + 1 − ri)
βi

= Aχri − αi − 1,i − 1
ri − ri − 1

βi − 1
(4)

Let  and rearrangeqi = ciri

ci = (rT
i ri)

−1/2 (5)

− (qi + 1 / ci + 1 − qi / ci)
βi

= Aχ
qi

ci
− αi − 1,i − 1

qi / ci − qi − 1 / ci − 1

βi − 1

−
1

ci + 1βi
qi + 1 +

1
ciβi

qi =
1
ci

Aχqi −
αi − 1,i − 1

βi − 1
(qi

ci
−

qi − 1

ci − 1
)

qi + 1 −
ci + 1

ci
qi = −

ci + 1βi

ci
Aχqi +

ci + 1βiαi − 1,i − 1

βi − 1
(qi

ci
−

qi − 1

ci − 1
)

qi + 1 = −
ci + 1βi

ci
(Aχqi −

ciαi − 1,i − 1

βi − 1
(qi

ci
−

qi − 1

ci − 1
) −

1
βi

qi)

11
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= −
ci + 1βi

ci
(Aχqi −

ciαi − 1,i − 1

βi − 1

qi

ci
+

ciαi − 1,i − 1

βi − 1

qi − 1

ci − 1
−

1
βi

qi)
= −

ci + 1βi

ci
(Aχqi −

αi − 1,i − 1

βi − 1
qi +

ciαi − 1,i − 1

ci − 1βi − 1
qi − 1 −

1
βi

qi)
= −

ci + 1βi

ci
(Aχqi − 


αi − 1,i − 1

βi − 1
+

1
βi




qi +
ciαi − 1,i − 1

ci − 1βi − 1
qi − 1) (6)

The Lanczos method for operator  is [3]Aχ

qi + 1 =
1

Aq
i + 1,i

(Aχqi − Aq
iiqi − Aq

i − 1,iqi − 1) (7)

where  etc. are the matrix elements of  in the -representation, .  Comparing (9) and (10)Aq
i,i Aχ q Aq

ij = qT
i Aχqj

Aq
i + 1,i = −

ci

ci + 1βi
(8)

Aq
ii =

αi − 1,i − 1

βi − 1
+

1
βi

(9)

Aq
i − 1,i = −

ciαi − 1,i − 1

ci − 1βi − 1
(10)

Lanczos theory states that the -vectors are orthonormal and the Hessian matrix in this representation - as (8)-(10)
is tridiagonal.

q

Are these consistent given that  is Hermitian?  Is it true thatAχ

(Aχ)i,i + 1 =
?

(Aχ)i + 1,i

where the LHS is found from (10) and the RHS from (8)?

−
ci + 1αi,i

ciβi
=
?

−
ci

ci + 1βi

αii =
rT

i + 1ri + 1

rT
i ri

=
c2

i

c2
i + 1

where using (5)

−
ci + 1αi,i

ci
=
?

−
ci

ci + 1

ci + 1

ci

c2
i

c2
i + 1

=
? ci

ci + 1

    
ci

ci + 1
=

ci

ci + 1
 confirmed.

How can this be used to estimate the analysis error?

Analysis error is the inverse Hessian.  This can be calculated from the above procedure and transformed to real-
space.  Let  be the eigenvectors of the tridiagonal  and  be the eigenvalues.  Let  be the matrix of -vectors.
This allows states in the ,  and -representations to be related

Lq Aq Λ Q q
q χ x

vχ = Qvq, (11)

vx = Uvχ, (12)

QTQ = I. (13)where

The Hessian in the -representation may be decomposed asq

LqT
AqLq = Λ. (14)

The Hessians in  and -spaces are related via q χ

12
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Aq = QTAχQ, (15)
and the Hessians in  and -spaces are related via χ x

Aχ = UTAxU. (16)
Combining (14), (15) and (16)

(UQLq)T AxUQLq = Λ. (17)
The inverse of (17) is

(UQLq)−1 A−1
x (UQLq)−T = Λ−1

A−1
x = UQLqΛ−1 (UQLq)T

= UQLq(Λ−1 − I + I) (UQLq)T

= UQLq(Λ−1 − I) (UQLq)T + UQLq (UQLq)T

≈ UQLq(Λ−1 − I) (UQLq)T + Bx. (18)

How to set-up the system for assimilation (from scratch)

• Generate the truth state:

• If require system that respects continents, run MakeWorldData.out ("UnadvectTruth.nc").
• In all cases, run option 'I' of Source.out ("Truth.nc").

• Generate background standard deviations, run option 'S' of Source.out ("BgStd.nc").
• Decide on the peak spectral variance and lengthscales for the tracer and source fields (this will require

experimentation).
• Create a background state with the correct characteristics, run option 'B' of Source.out

("Background.nc").
• Run forecasts from truth and background (option 'F' of Source.out) to check that the model behaves

reasonably with these states.
• Generate observations, option 'O' of Source.out ("Observations").
• Do a variational assimiltion run, option 'V' of Source.out ("AnalInc.nc", "Anal.nc", "VarStats",

"VarStatus", ["Anal_err.nc"]).

Sample of scientific questions

• Is it possible to find out the source and sink field structure with little or no prior knowledge?
• What is the accuracy and resolution of the source/sink data?
• What does the background error coupling of the tracer and source look like?
• Is there a way of modelling the background error coupling of the tracer and source?
• Can we design an optimal observation network for sources and sinks?
• Budget calculations.
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