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1. WHAT IS"4D-VAR" ?

All forecast models, whether they represent the state of the weather, the spread of a dis
levels of economic activity, contain unknown parameters. These parameters may be the
initial conditions, its boundary conditions, or other tunable parameters which have to be fot
a realistic result. Four dimensional variational data assimilation, or "4d-Var", is a meth
estimating this set of parameters by optimizing the fit between the solution of the model ar
of observations which the model is meant to predict. In this context, the procedure of adjus
parameters until the model 'best predicts' the observables, is knosptiragzation The "four
dimensional" nature of 4d-Var reflects the fact that the observation set spans not onl

dimensional space, but also a time domain.

For weather forecasting, the method of 4d-Var has been adopted by many numerical 1
prediction (NWP) agencies as it is flexible enough to allow a range of atmospheric observal
many different types to be digested within a framework of a numerical model of the atmos
This has proved to be a valuable tool in estimating the initial conditions of a weather pre:
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model, which are essential for a good forecast. In 4d-Var the method supersedes the sim
less expensive "3d-Var", in which no proper account is made of the time of which an observ.
made. Although the method of 4d-Var described in these notes is not restricted to any pz
system, the application described here has a NWP model at its core, and the paramete
determined are the model's initial conditions.

The optimization problem is quite demanding and all of the following issues must be conside

» When determining the optimal solution (also known asattaysis i.e. the best estimate of
the initial conditions), account should be taken of the time evolution of the system. In tl
context of NWP this means that the best fit should be consistent not only with tt
observations themselves, but also with the governing equations (e.g. the laws of physics
whatever form they are represented in the model.

 All measurements and model states have uncertainties and contain spatial correlations.
solution should reflect this, with largest consideration given to that knowledge of th
system which is of highest accuracy. The term 'knowledge' in this context does not re
only to the observational data, but also to the information contained in model foreca:
made previously (théackground state see below). The method should incorporate a
representation of how the known errors of the background state and of the observati
combine in the analysis.

» The procedure must cope with observations spread in both space and time, and the opt
solution should exist even in regions with no observational data.

All of the above aspects are automatically taken into account in the method of 4
Optimization, as we have defined it, should be regarded as a clasgrmsk problem Indeed, we
assume that théorward problemis soluble. That is, given a set of initial conditions, a se
forward modelscan be run to predict the observations. The most important forward model
core NWP forecast model which gives the evolution in time of the model's state. Other fc
models are important but secondary. These have as their input a model state (pertain
particular time), and predict the observables at that time. Examples of such predicted obse
commonly used in an NWP context are of the meteorological variables (wind, temperatu
humidity) interpolated from the model grid to the position of an instrument (in a field station,
a sonde or aircraft), a layer mean mixing ratio (e.g. water vapour) as derived in a satellite
or a radiance measurement as observed by satellite. The predicted 'observations' may or
match the actual observations; this depends on the choice of initial conditions (and

suitability of the models). We are interested in solving the inverse problem which can be p«
follows: what set of initial conditions will seed the models to best predict the known observe
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Such inverse problems are in general much harder to solve than the forward analogue. Inc
inverse problem relies on the existence of the forward models themselves which are rui
times in an iterative fashion to give the analysis (Fig. 1).

4d-Var is a powerful way of interfacing models and observations in this way. This is a di
task as observations are generally not suitable for direct initialization of models. F
application of weather forecasting, it is sometimes confusing to understand our intel
initializing a model to run forward over time, some of which has already passed (after
observations have been made then the weather has happened). The answer is to develo)
state which is representative of the actual weather just before a forecast model is launche
state is expected to yield the best possible forecast.

~ ASSIMILATION PERIOD = FORECAST PERIOD

observable

~_ mode prediction
I observation

2At
time

Figure 1: the model 'trajectory’ - the model's prediction of an observable quantity (curve)

- is shown which best fits the set of observations (bars). The height of the bars

denote the degree of uncertainty in the measurements. The method of 4d-Var

involves adjusting the model's initial conditions (bold arrow -a0) for this

best fit.
Although the principle product of data assimilation is to obtain well initialized forecasts,
important 'spin-offs' have emerged. Global and complete model analyses (four dimel
datasets of meteorological variables) are routinely produced from historical data to aid the
of climate. Well known examples include the European Reanalysis datasets of the EL
Centre for Medium Range Weather Forecasts (ERA-15 or ERA-40) and the global datase
National Center for Environmental Protection. The technique also provides a va

guantification of model performance and a measure of observation quality.



2. THE COST FUNCTION

The approach of this inverse modelling technique is to find the initial conditions of a m¢djel
such as to minimize some scalar quantityJ is known as theostor penaltyfunction. J[x] is a
functional of the state vector, and is defined to be a global measure of the simultaneous r
betweenx, the current guess of the true atmospheric state, and two independent 'versions
atmospheric representation. One of these versions is that according to the observations the
and the other is taken from a model forecast. The latest observations (for a manageabile ti
of 6-12 hours) are contained in the vector Using observations alone for the purpose
initializing a model is inadequate as measurements are not evenly spread over the atm
Furthermore the number of degrees of freedom in the model (the size of the vectoMsp
describingx) far outweighs the number of reliable observations taken within the time perioc
different observations do not necessarily provide independent pieces of information. T
overcome this problena priori information is needed. This comes from a previous mc
forecast, and is the second version of the atmospheric state used in the cost function. Thi
called thebackgroundxg, valid at timet = O, serving as an information 'filler' for data voids.

We can now proceed to define a formJafhich simultaneously penalizes a bad fit between (i)
model statex and the background, and the (ii) model state and the predicted observations [1
usual form ofl reflects these two contributionds(@andJo respectively):

1 . 1 0 . 0
I = 506 - X)' B (xg — X) + > Y (v - H XD E ™ (y(t) — HY[X (D))
t=0

= Js + Jo, (1
where here and in the remainder of this report, the model stapplies to the initial timé=0
(defined to be at the start of the current assimilation cycle) unless explicitly labelled othe
Other symbols are the followin@® is thebackground error covariance matriy(t) is the set of
observations made at time HP[x(t)] is the part of the forward model which predicts t
observations based on the model's current stateEarsdthe observational error covariance
matrix. The vectoy(t) — H[x(t)] is known as aesidual

We have made various assumptions when writing down this cost function. Firstly, we
assumed that the errors are unbiased and Gaussian [1]. If the former condition is not met,
biases are known, observations can be corrected in the preprocessing performed on
observations when compiling. Another assumption is that the model is 'perfect’ over
assimilation period. This leads to the so-cafizdng constrainformalism as used in Eq. (1). W
could write an alternative cost function with a third term which is the additional constraint \



penalises model error. This would be an example of the weak constraint formalism [2].

The compactness of the definitionbin Eq. (1) is good for brevity, but the apparent simplicity
somewhat misleading, as the underlying operators are complicated and difficult to dea
Before we explain why, let us describe each term. The form of each term is, assuming al
linearity in the forward models to be weak, roughly quadratic ifror this reason, the process
minimising J is a generalisation of theethod of least squaresA cost function which is exactly
guadratic is guaranteed to possess a global minimum.

2.1 The background penalty

The state vectors andxg exist in the model space and consisNoélements. The meaning ¢
each element depends upon the type of model and how it represents the meteorological fi
a grid-point model, e.g., the vectors will contain information pertaining to the values of
field (e.g.u, v, 6, p andq to use standard meteorological symbols for zonal wind, meridi
wind, potential temperature, pressure and water vapour mixing ratio respectively) at ea
position. In a spectral model, similar quantities will be stored for the weights of each sj
component at each level. Either way, a huge amount of information is stored in these vec

Even greater is the amount of information containeB iwhich consists oN? elements. The
diagonal elements oB are thevariances of the components of the background st
(proportional to the square of the uncertaintyxdnprovided that there are no biases). Due to
structure ofJg, components okg with large uncertainty will contribute little influence in tt
minimization. The off-diagonal elements are a measure of the correlation between di
components and contain information regarding how the variational scheme couples di
elements of the state vector. StrictB/,will contain covariances not only between the sa
quantity (e.g#) at different positions, but also covariances across different quantities (the
elements are known awultivariate covariances). It is very important to have a reasoni
knowledge of the elements &f as it contains crucial statistical information summarizing
behaviour of the system. Fundamentally, it is found by evaluating the matrix,

B = (Xs — X1)(Xg — X', (2)
wherexy is the true state of the atmosphere. This matrix is far too large to calculate, use,
store in any practical way (let alone invert as required in the cost function). Besides, tl
state of the atmosphere in Eq. (2) is unknown. Attempts have been made to ré&pvagefar
fewer pieces of information thaN? and by using approximations to the truth. In weat
forecasting, it is usual to transform from the meteorological variables (as listed above)



alternative set which are not strongly correlated (ie transforming to a gmeivafiate variables)
and to treat vertical and horizontal covariances separately. For the purposes of this re
will not worry about this and presume that we know how to act with the inBsts@ itself

must be non-singular).

2.2 The observation penalty

¢ represents the observational forward model which appears in the observation term.
already been mentioned in section 1. It acts directly on the modek &atd he time evolution
operatorMy, is required to produce this state giwenThis is done via the sequence,

X() = MMpg... MgX. 3
t=0 t = ot t = 20t t = At
M M 25 M 35 1 My
X x (8t) X (25t) X (33t) X (At)
H: H: HS% H H&
HHHHHHHHJH\HHHHH

A OB A (O B G € B VA €y Y™ (at)

y(0) y (1) y (25t) y (33t) y(At)

Figure 2: schematic illustration of the purpose of the forward models. The time
evolution operatordM, (blue boxes) move the model state forward in time,
and the observation operators (green boxd§),use each model state to
predict the observations close to their proper timbk. could be a NWP
forecast model (often linearized) amdP is itself subdivided into parts
pertaining to the different observation types. The mathematical form of the
combined operator is given in Eq. (4). The model-predicted observations
form the pink vector which are compared with the actual observations stored
in the yellow vector.

Due to the complexity of thisl, andH¢ forward modelsJ]o is the more complicated of the tw
penalty terms. Given the initial conditions,the model's prediction of the observations at tirr
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YT (1) = H X (O] = HY MM Max], (4)
which is illustrated in Fig. 2 for all times in the time window. The lengths of each obsen

vector pertaining to the each time can be different in each case to cope with the asynopti
of the available observations.

Both the time evolution and observation types of forward model are generally non-|
although observation operators for some observations involve only linear interpolation.
allowance of non-linear forward models in 4d-Var means, importantly, that information dil
from satellite radiances (which are a complicated non-linear function of the tempel
pressure and chemical constituents along the path of the radiation into the instrument)
principle, be assimilated directly into the system. The implementation of such operators |
a striking positive impact on the success of weather forecasts [3].

Errors in the observations are represented by the diagonal elemdats Observations are
usually independent pieces of information and are thus uncorrelated. For this Eessoften
taken to be diagonal and is then easy to invert. Some observations though will be higt
processed (e.g. satellite retrieval profiles) and strictly are correlated.

3. MINIMIZING THE COST FUNCTION

The whole process of finding the initial conditiors;an be summarised as the task of finding
set ofN elements of which minimise the value & In the limit of linear operators, the definitic
of J ensures that it is real and positive semi-definlte Q). At first, we can only guess whatis
and its value is refined iteratively bydascent algorithnjd] which we shall not discuss here. TI
first guess ok is often taken to be the backgrourgl,as it is readily available.

For the descent algorithm to work, it does not actually need to evaluate the valuigself
(although it is a useful diagnostic). Only its gradient with respect to the initial conditions ne
found. This is,

which will be used, e.g., by steepest descemtigorithm to find howx should be modified t
reduce the value af. At the minimum,J is stationary V,J = 0). The derivative of Eq. (5) is i
column vector containinly components, thigh one being,



Y
(VJd) = e (6)

X being the théth component ok. The reason for the presence of the transpose instruction i
(5) is to make the differential operauhi/dx (which is by convention a row vector) into a colur
as required. Although this point seems unimportant at this stage, it is crucial to define ou
properly now as such details will become significant later, especially when we discas§oihe
method

In order to see how the gradient will help us minimizeonsider the cost function expanded a
Taylor series about the guess state generalised to the many variables contained in tke Vec
second order:

OX, (7

X=XG

B ~ dJ 1. ({d) dJ
J[X = Xg+0X] = J[Xg] + dXX:XGéx + 2<3x ((dx) dx)

wherexg is a guess of the analysis (in the first instance this could be takgn &ontained in the
last term of Eq. (7) is the Hessian matrix written in compact notation. Expanded, the Hessia

A2 (xH2  J2d1IxtIx2 ... 2 IxtIxN

T 2 2 )yl 2 2\2 2 2 IyN
Hess:(i)%: 221 9x2axt 9231 I(x22 ... 32 Ix2IX . ®

dx
921 IxNIxL 92)[IxNIx2 ... 9% I(xN)2
We require the incremeniy, which should be added kg to make] stationary. Differentiatind

in Eq. (7) with respect tox, and setting to zero for a stationary value gives (this procedu
similar to that made explicitly to the more complicated cost function as shown in section 3.1)

Vid = Vidlioxe + Hesdyoy0x = 0. 9)
Rearranged fodx, Eqg. (9) gives,

OX = —(Hesgoy) ™ Vidh- e (10
which shows that the required increment is related to the gradient in a linear sense. This
nothing more than a generalisation of the Newton-Raphson method, here applied to findin
of the gradient of a multi-dimensional function. Note that the inverse Hessian has, in gene
effect of altering the direction and length of the gradient vector.

As an aside, this stresses the importangar@fonditioning which is the process of choosing ne
variables (call the state vector represented in these new varigbledated tox via a

transformation) which are uncorrelated and which have unit variance. For perfectly precond
variables, the Hessian measured with respect to changes in the comporentalof be the unit
matrix and, inv-space,



oV = =V (11
In the remainder of this report we shall returnxispace as we are more interested here in
method of 4d-var, rather than in preconditioning techniques.

3.1 Thegradient of J

We proceed to calculate the gradienflofin order to do this explicitly from first principles, E
(1) can be expanded from its usual 'matrix form' into 'series form’,

1 i i (B ' j
IR = 5 206 = X) (B (%6 - X) +
i
1 _
5 2 200 - HIXOD(E Hen (' (1) = HE"[x (O], (12)
t m

where the indiceg j run over model components, n run over observation components, dn
runs over time steps (each of length in the time window. The gradient with respect to 1
individual components®, is (making use of the product rule),

dJ 1 i o - ' '
Er il Z((XB — X) (B O + (B (% — X)) —
i

om HE" DX (O] | FHP™IX ()]
‘;%((W(t)—Ht [x(t)])(l;l)rm e tan

[EEN

(ENm ¢ (O-H"[x D),

N

13

wherexX is thekth component of the initial state of the model (in the state of its current gt
This expression can be tidied up by making use of covariance matrix symmetry,

B =6BY% . (EYm = EDm, (14
aJ

o'?H‘”“ X (t N
S ZEN0 -0 - 3 Y T O E N ) - M XD, (19
All components ofVXJ can be assembled into a column vector. This is compactly writte
reverting to matrix form,

) dHO T 0
V) = B0 -0 - 3 (TN ey - meneaon. (16)
t

A point on linear algebra: the objediti?[x;]/dx in Eq. (16) is a matrix, known asJacobian
and its elements are,
dHP [x (t JHPM[X (t
( t(SX()])nk: tgik(n, a7
which is the sensitivity of theth model-predicted observation at timeue to changes in th
kth component of the model's initial condition vector. It has been transposed in Eg. (16) t
with the matrix notation.



Forward models which predict the subset of observations at & tperate on the model state
that time, yet the sensitivities highlighted in Eqg. (17) are made with respectitititdestate of
the model. A more natural Jacobian to calculate would be one like,

dH? [x (1) )T dH? [x (1) )T
dx (1) dx ’
where the derivatives on the left hand side are made with respect to the model state at t

rather than (

(18

time that the observation forward model is relevant to. We can facilitate this change by us
generalised chain rule [5]. Noting the relationship betwagnandx (Eg. (3)), then the chair
rule for derivatives gives,
T T
(&) = MM Mo (55 (19

where the non-linear model operators (in bold italic font in Eq. (3)) have been linearisec
Roman font in Eq. (19), e.g. element of matrix M; is (My); = dx (t)/ dx (t - dt)). Inserting
this transformation into Eq. (16) yields,

dHP [x (D]
dx (t)
In Eq. (20) we have linearized the adjoint time evolution operators (the time evolution o

;
Vd = B (Xg — X) = Y (MMyy... Mm)T( ) E*(y() - HY[x(®D. (20
t

implied in the innovation vector remains non-linear) as it is unclear how to find the adjo
non-linear terms (this results in the gradient calculation being approximate). In this cc
these operators arperturbation forecastoperators. The differentiafiHP[x(t)]/dx(t) is
effectively a linearization of the forward observation operator. We let,

dHP [x (B)] 0
a0 Ht, (21

distinguishing again non-linear bold italic operators from matrix bold Roman operators.

makes the expression for the gradient into,

Vd ~ B - ) = T ML.. MLMIHE E ™ (y(t) — HO[X (O)). 22
t

In Eg. (22) we have also applied the transpose action to each member in the sequence
evolution operators of Eq. (20) separately (remember that this involves reversing their ord

3.2 Evaluating the gradient of J

We can evaluate the gradientJofvith respect to the initial conditions in one of three ways.

1. Evaluate finite differences for the gradientJoiithout using the results shown above.
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For component, the gradient is given as Eq. (23) below for a centred difference
scheme, which must be performed for eachAlthough this approach is useful to
understand the meaning of the gradient, it is too costly in practice, req@ing
evaluations of the cost function. Typically for a global forecast mddel1° (or
greater), and each evaluation would require a forward integration of the model over t
time period0 — At, which is extremely prohibitive.
8_J _ JO& X 0, = I, X = O ,xN). 23
IX 20X
. Evaluate Eq. (22) directly. This would involve, at each timestep, acting o
[y(t) — HO[x(t)] with the sequence of operatdvs,... MiMTHY E™L.  Although better
than finite differencing, evaluating the time series in this way is still inefficient as ther

is a lot of duplication as the same time evolution operators are used in many of the ter
in the time summation.

. Use the adjoint technique [6] (section 3.3). This is at the heart of 4d-Var and is
efficient means of calculating the gradient. The method does not explicitly store or u
matrices. Instead, an operator acts by applying a set of rules (in a program, this wo
best be done by a subroutine). The absence of matrices makes the transgjsanfor
operator difficult to deal with which means that a set of code, pertaining to the adjoi
operator, needs to be implemented separately. This is possible if the 'normal’ operatc
linear, or has been linearized, and there are mechanical methods of doing this given

normal operator [7].

3.3 Theadjoint method

We identify an efficiency in evaluating Eq. (22) if we write out the sum in the following way

t=At

t = At-ot
O

U

t =20t

t =0t
t=0

b/g
where,

-M Ml O M st ML HEr(an+
-M% Ml O M Jeat St E71r (AL-3t) +

0 O 0 st E I (At—28t) +

O 0 O
-Mg M st

ML HYEr(5t) +
CHS'E-r (0) +
—B(xg— X)
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r(t) =yt - H{ (x (), (24
is called theesidual and the background term is for tithe 0. Each row in the above sum is

term in the summation of Eq. (22), with the time corresponding to each given on the lef
side. The rows are all added together and the coloured columns serve only to highlight
that specific time evolution operators are repeated in different rows (operators of the same
background are the same). Written in this way, it is possible to see that we can evalt
series in an alternative order by factorizing common operators according to the foll
prescription.

1. Perform an integration froin= 0 to t = At using the forward (and non-linear) version of
the forecast model. As the initial conditions,are as yet undetermined, use a guess.
This will be refined as a result of calculating the gradierx oAt each time step, store
the model statg(t). This stage is that shown in Fig. 2.

2. Start the next stage of the algorithnt atAt and evaluate the vectbtgtTE‘lr (At) (call
this A(At) - this appears on the extreme right hand side of the table above). Vectors
this kind (which will also be calculated at earlier times below) are knowadijaint
variables

3. Integrate the adjoint backwards in timedby This is done by replacirtgwith t—6t and
then calculating the term of Eq. (20) below (using the informati¢t), stored from
step 1 to calculate(t)). Equation (20) may be proved by mathematical induction
working fromt = At tot=0. This action combines residual information from titne
and adjoint information from time+ 6t to form an adjoint state at time This step
comes from the above table: the first term of Eqg. (20) appears below each coloul
column, the adjoint time evolution operatbtyy, is that which appears inside the filled
column above, and the adjoint variablé,+ 6t) represents everything to the right of the
column.

At) = HOEr (1) + MIgA (t+0t). (25)
4. Go back to step 3 unti:0. Att =0, A(0) is minus the gradient dg with respect tx.

5. Calculate the full gradient by including the background (the full gradient is then used
the descent algorithm to refine our guess),

VJ ~ -B(xg—X) — 1(0). (26)

This method is called thadjoint methoddue to the use of adjoint variablds,in step 3 (Eq.
(25)) and the continuous operation with adjoint (transpose) operators. It is the efficiency
adjoint technique which has meant that 4d-Var is practical.
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Applied in this form, the method has two stages (Fig. 3): (i) a forward integration of the 1
variables (step 1) followed by (ii) a backward integration of the adjoint variables by the a
model (steps 2 to 4). The final step (step 5) just adds on the background contribution. C
gradient is calculated, the descent algorithm is applied and finds a refined initial condit
with which the whole process is repeated. The optimal state is WhéreO (by suitable
convergence) which means that the cost function has been minimized.

FORWARD INTEGRATION STAGE
X —p X(ot) — x(20t) X (At —ot) X (At) —
Ho(x) HS(x(3t)  Hs (x(25t)) Haeost (X (At —3t)) H (X (At))
y(0) y (1) l y(26t) J'y (At - &t) J' y(At)
e . . . .
r (0) r (6t) r (20t) r (At — ot) r (At)
A(0) «—— A(Ot) «— A(20t) «— A(At —0t) «—— A(AL) “—

‘ ADJOINT INTEGRATION STAGE

J' background contribution

/

ViJ ~ B (xg—x) - A(0)

Figure 3: schematic illustration of the adjoint 4d-Var algorithm. The forward
integration (green) is essentially the same process as that represented in Fig.
2, but with the additional residual information calculated. The integration of
the adjoint variable4, is done backwards in time (blue box). In this Fig.,
X(t) is the model state at tinte HY is the observational forward operator,
y(t) is the set of observations at time (t) is the residual (Eq. 19), aridt)
is the adjoint at timé&. The vectorl(0) is the gradient (with respect x of
the observational component of the cost function (Eq. (1)) which is
combined with the background gradient to give the total gradient.

4. GLOSSARY OF TERMS

3d-Var Variational data assimilation in which, during a particular assimilation pei
no account is taken of the time that observations are taken. The
dimensions are spatial. Although adjoint operators are used, there is,
4d-var, no integration of the adjoint variables back in time.

4d-Var Variational data assimilation within three space dimensions plus one
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Adjoint

Analysis

Assimilation
period

Background

Control
variables

Cost function

Covariance

Descent

algorithm

Errors

Forecast period

Forward model

dimension. The times that observation are made is resolved by
assimilation system. The adjoint method is at the heart of the technique.

The adjoint is the transpose of a matrix or vector (if complex number:
present, this should be accompanied by a complex conjugate of the elen
The adjoint turns rows into columns and vice-versa. Some operator
effectively matrices (linear operators), but cannot, due to storage limitai
be stored explicitly. The adjoint operator must then be formulated
separate operator either manually or by automatic adjoint software. In 4c
adjoint operators (matrices) help integrate the adjoint variables (cost fur
gradient vectors) backwards in time.

The initial conditions of a forecast model that 'best-fits' (via a sequence of
evolution and observation operators) a set of observations and a back
state (also known as optimum analysis). Usually the analysis is initia
before the forecast is run (see the initialization entry).

The window of time in which observations are taken for the optimiza
(assimilation) process. The forecast period follows.

A model state which is the-priori guess at the true state of the system. It
forecast which has been started from the analysis at the previous assimr
cycle and is used, in conjunction with a set of observations, to help fini
new analysis state. The background state appears in the cost functio
(1))

The variables that are actually adjusted during the descent algorithm.
are often not the meteorological variables in model space, but are
transformation involving a new set of parameters and in a new vector ¢
The gradient of the cost function with respect to each new control varial
required for the descent algorithm. The transformation to control variabl
part of the preconditioning process.

A scalar quantity measuring the misfit between a guess of the model sta
the background, and the guess (postprocessed to predict the observatio
the observations themselves. The cost function is minimised iterative
variational data assimilation. Also known as the penalty function.

How one quantity varies with another. A covariance error matrix |
systematic means of storing the statistical information of how errors in
guantity represented depend on the errors in others. The covariance bet
andy is found from:covariance= {(x—<xy)(y — <y»)) where{) = mean.

An algorithm that will adjust the state vector (in control variable space
yield a new value of the cost function which is lower. The aim of
algorithm is to minimize the cost function. The algorithm requires as its i
the gradient of the cost function with respect to each control variable.
Uncertainties of information pertaining to the system. All observations |
errors as do all model states. Errors can be systematic (e.g. biases) or r.
It is usual to correct for biases (if known) before the assimilation proce
starts and to assume that random errors are Gaussian in nature (this leac
quadratic form of the cost function in 3d- and 4d-Var). Errors are relate
variances.

The period of time following the assimilation period where a model is
freely, and where no observations are available to correct it.

In 4d-Var there are two types of forward model. One kind prec
observations given a model state (observation operators). The other
future model states from earlier ones (time evolution operator). In 3d-Var
the observation operators are used. ‘'Forward modelling' is regarded
‘'usual' means of modelling (as opposed to inverse modelling which tries
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Hessian

Initialization

Innovation
vector

Jacobian

Multivariate

NWP

Observation
oper ator

Optimization

Penalty function

Positive (semi)
definite

Post processing
oper ator

Preconditioning

Preconditioning
number

Residual

Strong
constraint

Time evolution
oper ator

Univariate

the reverse).

The matrix containing all of the second partial derivatives of the cost func
J, with respect to the control variables. Elemeéyjt of the Hessian is
9231 9% 9% (see Eq. (8)).

The processing of a set of uninitialized initial conditions for a model.
processing could, e.g., be a filter to remove undesirable gravity waves \
could otherwise amplify and degrade the forecast.

The difference between the observations and the model's version c
observations, found from the background state. The innovation vector
residual (Eq. (24)) in the special case that the model integration is startec
the background state.

A transformation matrix detailing how components of one set of varia
varies with another set.

A fully consistent system where account is taken of the correlations, no
between values of a quantity at different points in space, but between dif
guantities.

Numerical Weather Prediction (the application of computer models to we
forecasting).

An operator which predicts observations consistent with a model state.

The process of finding the initial conditions of a forecast model to best-fit
of observations and a background state. The methods of 3d- or 4d-v
optimization techniques.

See cost function.

A variableJ is positive (semi) definite if it is bounded By (>) 0.
See observation operator.

The process of choosing new control variables which are exactly
approximately uncorrelated, and form a unit Hessian matrix. In a perf
preconditioned system of equations, contours of constant cost functio
circles in the new control variable space and the preconditioning numk
unity.

The ratio of the highest to the smallest eigenvalues of the Hessian.
perfectly preconditioned system of equations, the preconditioning numt
unity.

The difference between an observation and the model's version of it.
residual vector is a structure containing many such differences, eac
element of the vector in Eq. (24).

A formulation of a 4d-Var data assimilation system that assumes a p
model, or where no account is taken of model error (as assumed here).

The set of rules which advances the model state forward in time (see Eq.

This is the situation where one type of quantity is, or assumed tc
uncorrelated with another. Meteorological variables are rarely uncorre
with each other (the multivariate case), but sometimes new variable
chosen that are approximately uncorrelated. This is part of the preconditi
procedure.
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Variance The variance of a variable is related to the errordogor= +/variance(for a
single measurement). The variance of the quantitys found from:
variance= {(x — <x))? where() is the mean. A variance is the special case
covariance where both guantitiesandy in the glossary entry for covarianct
are the same. Variances occupy the diagonal elements of a covariance n

Weak constraint A formulation of a 4d-Var data assimilation system that takes into acc
model error.
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