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Abstract

In the forecasting of binary events, verificatiomanures that are ‘equitable’ were defined by Ganadimh
Murphy to satisfy two requirements: (1) they awafdrandom forecasting systems, including thosé¢ tha
always issue the same forecast, the same expewmsal (ypically zero), and (2) they must be expi#ssas

the linear weighted sum of the elements of theiogehcy table, where the weights are independettief
entries in the table, apart from the base rate.défeonstrate that the widely used ‘Equitable Th&ire’
(ETS), and numerous others, satisfy neither ofeghieguirements, and only satisfy the first requeetrin

the limit of an infinite sample size. We refer tach measures as ‘asymptotically equitable’. Theaordor

the misconception that ETS is equitable appeab®tause requirement (1) has been misinterpreteckém
that the score of thexpected contingency talfier a random forecasting system should be zeris iStonly

the same as requirement (1) for measures thainage functions of the elements of the contingelabyje, or

in the limit of infinite sample size. In the caseET' S, the expected score of a random forecasyses is
always positive and only falls below 0.01 when tlvenber of samples is greater than around 30. Tiverot
asymptotically equitable measures are the OddoF&ill Score and the Symmetric Extreme Dependency
Score, and are more strongly inequitable than BpB8jcularly for rare events; for example, when blase
rate is 2% and the sample size 1000, random bubseth forecasting systems yield an expected sdore o
around —0.5, reducing in magnitude to —0.01 or kemahly for sample size exceeding 25,000. This@nées

a problem since these non-linear measures have dgserable properties, in particular being rekabl
indicators of skill for rare events (provided tliag sample size is large enough). A potentialtswius to
recognize that Gandin and Murphy's second requintn® independent of the first, and can safely be
discarded without losing the key advantages of tehility that are embodied in the first. This eresbl
inequitable and asymptotically equitable measuwdsetscaled to make them equitable, while retaittieq
non-linearity and other properties such as beitiglie indicators of skill for rare events. It alepens up
the possibility to design new equitable verificatimeasures.

1. Introduction: what is equitability and why is it desirable?

To assess objectively the skill of a sequence 6és/No forecasts (e.g. whether or not a tornadbowcur
or whether rain rate will exceed a certain thredhabne first defines thex2 contingency table (e.g. Mason
2003) defining the total number of correct foresast occurrence (or ‘hits’p, the number of incorrect
forecasts of occurrend® the number of incorrect forecasts of non-occureenand the number of correct
forecasts of non-occurrende

a b hits falsealarms
o o) J

c d misses correctnegative

Corresponding author address: Dr Robin Hogan, Deesrt of Meteorology, Earley Gate, PO Box 243, RepiRG6
6BB, UK. Email: r.j.hogan@reading.ac.uk.

1



such that + b + ¢ + d = n. For a particular set of weather conditions, theesved frequency of occurrence
or ‘base rate’ is fixed gi = (a + ¢) / n. A verification measur8is then defined as a function of the elements
of the contingency table. It has been known siheetime of Finley (1884) that there are pitfallsatmid in

the design of the measure one uses to quantifdegese of skill (Murphy 1996). In particular, theasure
should not encourage a forecaster to ‘hedge’ta.essue a forecast that differs from his or hee tbelief in
order to improve either the score that is beingluseassess the forecast, or its expectation. défigition
has been implicit or explicit in discussions of gied) since the 1950s (see references in Jollifil@320
However, it should be noted that ‘hedging’ has dieen used to denote a different behavior (Marzban,
1998; Brill, 2009), namely issuing a forecast thas a frequency biaB,= 1 [where bia8 = (a + b)/(a + ¢)

= 1], in order to improve the value of the scoreeised to assess the forecast, compared tolits wdnen
the forecast is unbiaseB € 1). We stick to the older and more intuitive défon of hedging.

The concept of hedging is most often considereithéncase of probabilistic forecasts, but for deteistic
forecasts of binary events it is a less useful ephclolliffe (2008) argued that it is difficult tmnceive of a
situation where a forecaster’s true belief is nabpbilistic, and therefore the fact that the faster only
predicts occurrence or non-occurrence (with apperd®0% confidence) means that all forecasts diffe
from his or her belief, and so are ‘hedged’ in sosemse. Murphy and Daan (1985) recognized this
difficulty, and defined the weaker property ‘comsixy’: if a probabilistic belief is converted int@
deterministic forecast via some ‘directive’ (e.f@récast occurrence only if you believe the everdt greater
than a 50% probability of occurring’), then a ‘cimtent’ verification measure is one that maximites
score for a particular directive. We are then lgitth the problem of determining whether a directise
sensible.

An alternative desirable property, which is moreeaable to analysis for binary forecasts, is that th
measure assesses the performance of a forecastereoasting system relative to a random forecgstin
system. This is known as ‘equitability’, and wadimed rigorously by Gandin and Murphy (1992) inithe
seminal paper on the subject as follows:

1. An equitable verification measure awards all randfmmecasting systems, including those that
always forecast the same value, the same expemeel (§lenote&, in this paper).

2. An equitable verification measuBmust be expressible as the linear weighted sutheoélements
of the contingency table, i.S=(S,a+Sb+S.c+S,d)/n+S,, where the weights,, ..., &

are independent of the individual elements of thietingency table, although they may depend on

the base ratp = (a + c) / n. Gandin and Murphy (1992) expressed these weigtite form of a R2
‘scoring matrix’.

From these two requirements, Gandin and MurphyZ)18%n proceeded to show that only the Peircd Skil
Score (Peirce 1884), or a linear function of itfridy equitable. However, it has since been clairteat
several other measures are equitable, such assdtukeHSkill Score (Mason 2003), the Odds RatiolSkil
Score (Stephenson 2000) and indeed the Equitalbeai 8core (Mason 2003). So what is the reasathifr
discrepancy? It can be shown from their definitithst these three measures do not satisfy Requite?ne
so a possibility is that many authors equate epilittaonly with Requirement 1, although we willah in

the next section that two of these measures doimaeneral, satisfy this requirement either. Befare
discuss some of the previous work where appareiifigrent definitions of equitability have been dseve
step back and address a more fundamental questionis equitability (as defined by Gandin and Muph
desirable?

We start by considering Requirement 1, and notertteny people question the importance of assigaing
constant baseline score to all random and consta@tast systems: ‘if a measure can correlhk the
performance of different forecasting systems, tiven cares about equitability?’” The answer to thithat it
is easy to show that a measure that does notysRiegfuirement 1 will sometimes incorrectly rankaadom
forecast above a forecast system with some skilhsitier two different random forecasters (e.g. tha
forecasts occurrence with probability 0.1 and thieeowith probability 0.9), who are awarded difigre
expected scores & andS, with § < S. If a real forecaster predicts occurrence in t@mes proportion of
his or her forecasts as the first random forecabtérwith positive skill such that the expectedrecawarded
Sis greater tha,, then ifS happens to be less th&p this forecaster will be incorrectly ranked beltve
second random forecaster. Moreover, such a measout reward this forecaster if he or she were to
abandon the physical principles on which forecasige being made and instead to issue random fasecas
with a probability optimized for the measure in gfien. These properties are obviously undesirabhte a
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support the requirement for all random and consfamrgcasts to score the same. More generally, tat wh
extent is Requirement 1 related to the inabilithéolge? Given the arguments of Jolliffe (2008) camsider
only the limited form of hedging described by Step$on (2000): to randomly select a particular pribpo

of forecasts of non-occurrence and change thenedorence, or vice versa, in an attempt to impraves
score. By this definition, Requirement 1 clearlyyentsrandom forecasting systems from being able to
hedge their forecasts. However, it does not gueeattat the same is true for the much wider cldss o
forecasting systems in practice that do have sdiile At most we can state that, because an eqtab
measure cannot be hedged by a random forecastitgnsyitmay be less easy to hedge by a forecasting
system with positive skill compared to an inequeaimeasure, but this is not guaranteed. As a pafint
clarity, Gandin and Murphy (1992) specified thag taseline ‘no-skill' scor&, should be constant for a
particular verification measure (and indegd= 0 for most measures). In princighg could be a function of

p, a quantity over which the forecaster has no obréind a random forecaster would still be unablieddge
the measure. However, an additional justification Requirement 1 is that constéht provides a single
baseline above which a forecaster’s performancebeasaid to be superior to the expected performahae
class of naive forecasters, such as random fosesadthis makes subsequent interpretation of thesuore
easier, especially if we also have a fixed uppaiticorresponding to a perfect forece&tshould not be a
function ofn, since often forecasters do have control over laoge a sample they are assessed with and
therefore would have the opportunity to artifigalhflate their score.

Gandin and Murphy’s (1992) second requirement giaeave is rather less easy to justify as an esdenti
companion to their first. Linearity in general wdsemed desirable by Hogan et al. (2009) sincesitire:s
that a measure is equally sensitive to changesiihtsroughout its range, i.e. ‘near-perfect’ ahkar-
random’ forecasting systems will be rewarded bysme increase in score if 1 is added smdd and 1 is
subtracted fronb andc. This was demonstrated when they estimated thélifea of numerical weather
forecasts, i.e. a timescale for the decay of tleestowardss, as a function of the lead time into the forecast;
in particular, the highly non-linear Odds RatiolS8icore yielded a misleadingly high half life. Gamsely,
linearity appears to be incompatible with anothesihble property, that of being a reliable inddcaf skill

for rare events. It was shown by Stephenson €2@08) that almost all measures (and certainlyiradiar
ones) are ‘degenerate’ in that they tend to zersoone other constant as the base rate tends to A=
Extreme Dependency Score and its symmetric couarttepgpoposed by Hogan et al. (2009) overcome this
problem via a non-linear (specifically a logaritieindependence on the elements of the contingety, ta
preventing these measures from satisfying RequménZe So what is the reason for inclusion of
Requirement 2 by Gandin and Murphy (1992)? It issfae that it was included simply to restrict tiass

of measures considered in order that the matheatatandition for a measure to satisfy Requirement 1
could be derived, rather than having any overridiregit of its own. Indeed, another interpretatiéiandin
and Murphy (1992) is not that Requirement 2 is Amdntal to the concept of equitability, but simgigt
they chose to consider only the equitability (emibddn Requirement 1) of a limited class of measure
(those that also satisfy Requirement 2). As wdl demonstrated later in this paper, Requiremerg 2 i
certainly not a necessary condition in order fogieement 1 to be satisfied.

There have been several examples in the literatheze the term ‘equitability’ has been used inféedent
sense to Gandin and Murphy, although in each camedi® and Murphy (1992) was provided as the
reference. Marzban (1998) equated ‘inequitabiltith being able to hedge a measure, specificaly #m
inequitable measure is one that is optimized bydasting with a frequency bias other tiam 1 and
therefore induces under- or over-forecasting. By tefinition, all measures for verifying binary forecasts
that he considered were found to be inequitabiyding PSS (also known as the True Skill Scordijictv
Gandin and Murphy (1992) deemed to be equitablédvBa and Kain (2006) also adopted Marzban's
concept of equitability. Marzban and Lakshmanar®@3onsidered measures that satisfied Requiregent
but argued that Requirement 1 could be relaxedhendefinition of equitability, on the basis thatén be
difficult to reconcile with the requirement that aserre is optimized by an unbiased forecast. Tlnigs of
Marzban (1998) and Marzban and Lakshmanan (1999)semply a consequence of them taking the
fundamental concept of ‘equitability’ to be somathdifferent to Gandin and Murphy (1992). This ¢ to
claim that the work of these authors is invalidreheto suggest that the property they were comsigeo

be paramount (that a measure is optimized by araset) forecast) should be referred to as sometiiingr
than ‘equitability’.

We argue that Requirement 1 is fundamental to treept of equitability as envisioned by Gandin and
Murphy (1992), and its desirability is amply jusid by the arguments we have provided above. Byrasi)
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we argue that Requirement 2 can be safely discarddue definition of equitability, and in this papwe
explore the very interesting class of measuresatenhow classified as equitable. In section 2deméve the
necessary conditions for Requirement 1 to be sadisénd explore the nature of the class of measia
we deem to be equitable but that do not satisfydigaand Murphy’'s Requirement 2. In section 3 we
demonstrate the non-equitability of measures ssd@ so-called ‘Equitable Threat Score’ using elas
with a sample size small enough that all the ptssibntingency tables can be written out explicitly
section 4 we introduce the concept of ‘asymptagait@bility’, whereby a number of measures are shoav
tend to equitability only in the limit of an infitd sample size. Then in section 5 we demonstrate &
interesting class of non-linear but nonetheledy equitable measures can be constructed, for ebeaimp
rescaling inequitable measures.

2. How to determine whether a measure is equitable

2.1 The expectation over all possible contingeabyets

In this section it is shown how, from RequiremenhXhe previous section, we may derive an expoessi
that all truly equitable measures must satisfy, ot by omitting Requirement 2 a new class of edplid
measures is admitted. We define a random forecpsiiatem as one that issues forecasts randomlyawith
fixed probabilityqp, irrespective of any other informatioa, is the ‘population’ forecast rate of occurrence
(to contrast with the ‘sample’ forecast rate of wcence), and may be any value in the range 0 to 1,
inclusive. To calculate whether this forecastingtem would yield an expected score of zero, or sotiner
constant valu&, we need to consider all possible sequencesfafecasts that could be made, the score that
they would each be awarded by the verification meabeing tested, and the probability of each secpie
being issued by chance. We consider bo#ind the base raggto be held fixed in this exercise, and are
therefore calculating the expectation given a paldr sequence of events in reality. At the endhis
subsection it is demonstrated that if we wish tlzudate the expectation over all possible basesréiar
example, ifp is treated as samplebase rate that is just a realization ofplpulationbase rate), we arrive at
the same conclusions as to which measures arebtguit

It is illuminating to consider specific examplesao$mall sample sizein which all the possible contingency
tables can be written out explicitly. Figures 1 @wshow two such examples, one with 4 andp = 1/2, and

the other witm = 3 andp = 1/3. A patrticular random forecasting system maadict occurrence of the event
between 0 and times, with the sample forecast rate of occurragieen bygs = (a + b) / n. This variable is
used as the abscissa of the figures, and for eglak wfgs there may be several possible contingency tables,
which are shown by the vertical columns with thatowency table that corresponds to the best pedoce
shown at the top. For reasons that will becomeasvin section 2.3, the measure of apparent sidlirst
which we choose to plot the contingency tablebasReirce Skill Score, defined as

a b
PSS_a+c b+d’ @
(Note that this measure has also previously befenreel to as the True Skill Statistic, the TruellSkcore
and the Hanssen and Kuipers’ Performance Index virification measur§(a,b,c,d) is defined in terms of
the elements of the contingency table, then itseetqu value given a particular base rateS|g( is
calculated by summing over thma possible contingency tables, each weighted byr thepbability of
occurring, P4,b,c,d|p):

E(S| p)=i Sa b ¢ DPGa,;b;c dl 3)

A measure is equitable by Requirement 1 in th@dhiction if, for a random forecasting systemgi(= S

for all p e {0, 1/n, ..., 1} and allgs € [0, 1], and where we tak® to be constant for a particular score (it
cannot vary withp or q,, for instance). Sinc& and p are fixed, the four degrees of freedom in the
contingency table reduce to two (as seen by thetliat the possible contingency tables in Fig. dupy a
plane), e.g. described purely byandb. For random forecasts, these may be treated @esmgrbinomially
distributed variablesalp ~ Bin(np, g,) andb|p ~ Bin(n — np q,). Since these variables are also independent,
the probability of a contingency table occurringdemly may be written as &0,c,d|p) = P@|p)Pb|p).
wherec=np-gd=nl-p-hbh0<a<np and 0<b<n(1-p.



An alternative way of splitting up this probabilig/P@,b,c,d|p) = P@,b,c,d|p,a) P@4p), where Pddp) is the
probability of a particular sample forecast rateooturrence (i.e. the probability of being in atjgatar
column in Fig. 1) and R(b,c,d|p,q) is the probability of a particular table occugigiven that we are in a
certain column of Fig. 1. The advantage of thisrapph is that we may write the expected score alter
possible tables as the sum over the expected sgimes each particular value qf

E(S| p)=2 E(SI pg)P(gl P (4)

%
where E(S | paQ):zi Sa b dP(a;bcd pc

The probabilities may be calculated as follows. iAgassuming the forecast system to have population
forecast rate of occurrencp, the number of events that are actually foreaast particular sampleg,
follows the binomial distributionnaglp ~ Bin(n, qy). Therefore, the probability of a particulag is

P@, |p)= C,nq )q® (= g J**, where C4, K) = n! / [K! (n —K)] is the binomial coefficient,

expressing the number of ways events can occur im trials. The random conditional probability
P(@b,c,d|p,q) is now a function of just one random variablg, 8, and may be written as

P(a,b,c,d|p,q) = P(alp!qi) = C(np’ a) C(n —-np noﬁ_a) / C(n’ noﬁ)’ (5)
whereb=ngg—ac=np-gd=nl-p-@q + a and max{O,n(p + gs— 1) } <a<min{np, ng}. The
denominator in (5) is the total number of wayseléstingngs cases fromm, and the numerator is the number
of those ways in which we hawehits, since then we must selecfrom thenp cases in which the event
occurs anchgs — a from then — npcases in which the event does not occur.

To illustrate these probabilities being appliedatssmall sample of forecasts, the numbers above each
contingency table in Figs. 1 and 3 indicate thebphility of it occurring randomly given that oneiis a
particular column, R(b,c,d|p,q). Figures 2 and 4 depict the scores that wouldawearded for each
contingency table in Figs. 1 and 3 for a rangeifbémnt verification measures, and beneath eatlnuois
shown the random expected score for that columB8pkEg). A measure is deemed equitable iBF] = S,
and from (4) it can be seen that the easiest wathi® to occur is if Efp,q) = S for all gs. In principle, one
could have Efp,q) # S, but achieve cancellation between the differericas S in each column such that
E(S|p = S (as in Figure 2e). In practice, this is not polssfbr all values ofy,, since each possibtg leads
to a different weighting between the columns. Tdleeexample in Fig. 1: fay, = 1/2, the probabilities of
obtaining each possible valuedfare P§s={0/4, 1/4, 2/4, 3/4, 4/4}) = {1/16, 4/16, 6/16,146, 1/16}, but for
0p,=1/4, the probabilities become {0.316, 0.422, 0,Z1047, 0.004}. Therefore, our definition of ety
requires simply that

E(Gp,q) =S for all p andgs. (6)
We prove this result formally in the appendix, amdke use of it later in the paper. It also ensures

equitability for the possible (although improbabfeyecaster who fixes|s by declaring before the first
forecast that ‘in the 10 forecasts that will befied | will predict occurrence exactly 5 times’.

Lastly in this subsection we consider the consecgi@f requiring that the ‘expected score’ in thénifiton
of equitability involves calculating the expectatitor fixed ‘population base ratg), over all the possible
sample base rates, which we temporarily depgotow the expected score that we had previouslitewrias
E(S|p is considered to be for a given sample baseaatleso is denoted §ps). Following the reasoning
that led to (4), the expected score consideringadbible base rates is given by

E(S)= Y E(S| p.)P(p.) -
o ;
where Pgs) is the probability of a particular sample bade.r&Ve may if we choose assume that the number
of events that occurred follows a binomial disttibn, nps ~ Bin(n, py), as forng, but the essential result is
that if Egps) = S for all ps, then E§) = . Hence, if a measure is equitable for one pasrcséquence of
occurrences in reality, then it will also be egbigawhen calculating the expectation over all gussi
‘realizations’ of reality.

2.2 Gandin and Murphy’s condition for equitability

The previous subsection established the importitrthat a binary verification measure is eqléaband
only if E(9p,a) = S for all p andgs. So how can we apply this rule to test the eqiitgtof particular
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measures without needing to consider a specifienpl@ such as in Fig. 1? We start this discussion by
considering the approach of Gandin and Murphy (199Rey considered only measur8shat may be
written as the linear weighted sum of the teemd:

S=(Sa $b Se S ®)

and then proceeded to calculate the relationstepsden the weightS that are necessary for the measure to
be equitable. Requirement 2 in the introductioriudes the possibility of adding an offs&t to (8), but
following Gandin and Murphy (1992), if we can proaeneasure witly = 0 to be equitable then adding a
non-zero offsetS, to it will also yield an equitable measure. Gandind Murphy made one further
assumption (also part of Requirement 2), which i#has the weights can depend only on the baserale
impose the condition that constant forecasts ofiweace §s= 1) yield a zero expected score requires that
E(S|p,g) = 0whema=np, b=n(1-p),c=0andd =0. Thus

ESIp.as1) =pS+ (1 -p)$=0. ©)
Likewise, to require that constant forecasts ofoocurrenceds= 0) also yield zero leads to
ES|p,a0) =pS+ (1 -p)S= 0. (10)

The third condition sets thexaleof the measure; for example, to make all perfestdasts score unity, we
write

anp’ O! Ovn - np = p& + (1 _p)Si =1 (11)
Gandin and Murphy (1992) did not take this laspstaut chose instead to impose the scale by ettglici
settingS, = S = —1, thereby also making the explicit assumptiat misses and false alarms are weighted
equally. As shown by Manzato (2005), the assumpaifoequal weighting between misses and false alarms
has no effect on the final result, and so it isacte not to make it at all. We prefer to set thelesof the
measure via (11). This we have three equationsl(Paid four unknownss, ..., &), seemingly an under-
constrained system. However, the four unknownsiaténdependent of one another because we knovathat
+c=npandb +d =n(1 —p), so therefore can relate the elements of thargency table vidb +d = (a +¢)
x (1 —p)/p. This means that we can shuffle ‘mass’ betweenfdbe weights while keeping the resulting
measure unchanged. For example suppose all foghtgeivere non-zero and we wanted to elimirgte
From this relationship between the elements ottirgingency table we may repla&al in (8) with §[-b +
(a + ¢) x (1 —p)/p], which is equivalent to defining a new set of gigs given by the following primed
values:

S =&+ &1 -p)p;

S =5-%
& =S +&(1-p)p;
S =0. (12)

Gandin and Murphy (1992) used (9) and (10), togethih their requirement o8, andS;, to show that one
particular equitable measure is defined by the ksi§, = (1 —p)/p, S = & = -1, andS; = p/(1 —p). This
also satisfies our scale condition given by (1hisTmay be simplified by eliminating, using the operations
given in (12) to yields, = 1h, § = -1/(1 —p) andS, = & = 0, which is the same as the Peirce Skill Score
(PSS) defined by (2). (It should also be noted phiat Gandin and Murphy’s derivation is the sampleéa
rate, but subsequent practice, at least & tbles, has been to use a longer-term ‘populdbiase rate in
defining equitability, e.g. Livezey 2003). Thusetbnly degree of freedom in this derivation is skale of
the measure shown by the right hand side of (11).

We may conclude thahe Peirce Skill Score is the only measure withestaand $= Othat satisfies Gandin
and Murphy’s definition of equitabilityRecognizing that the scale and the offset arefiret by their
requirements of equitability, ‘Gandin-Murphy eqbita measures’ must have the form

Sem = f(p) PSS +S, (13)

wheref(p) may be any positive function. Positivity is nesay to ensure that forecasts better than random
are awarded a score greater than the expected mardoreS,. In principle, a measure could hate
depending also on sample simeand still strictly satisfy the definition of eqafility given in the
introduction, but it is difficult to see when thisould ever be an advantage as it would mean théiphying

all elements of the contingency table by a constactor would change the score. Gandin and Murphy
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(1992) actually stated that only PSS amohotonic transformationsf it satisfy the definition of equitability
set forth in their paper. One presumes that by otamic’ they actually meant ‘linear’, since nondar
transformations would violate the linearity expesbén (8) and Requirement 2. Moreover, it is impottto
note that the scaling factor in the linear transi@ion may depend gn as shown in (13), but this was not
clear from Gandin and Murphy (1992). A simple exésmpf a measure other than PSS that satisfiesi§13)
the one of Gringorten (1967), which Has 1 ands, = 1.

2.3 A general condition for linear, equitable measu

So where does this leave measures that cannotitienan the form of (13), yet that appear to beittple
by Requirement 1 in the introduction? An exampléhis Heidke Skill Score (Heidke 1926), HSS, whigh i
written in two alternative ways (e.g. Hogan et28109):

_ 2(ad —bo) _a+d-E(a|p,q,)-E]|p,q)
“(a+o)(c+d)+(a+b)(b+d)  n-E(alp,g)-E]|pa,)

where E&|p,a) = npg and E¢|p,a) = n(1 —p)(1 — gy are the expected values afandd for a random
forecast with a particular sample forecast rateasurrenceys. For the two examples in Figs. 2a and 4a, HSS
does appear to be equitable in that the expects@ $or each column, E{&fL), is zero. By rearrangement,

it is possible to express HSS in the form simitaf13), withS = 0 andf = fuss, where

fuss = 2p(1 —p)/(p + Gs — ), (15)
i.e. withf a function of botlp andgs. It turns out that;ss= 1 (and hence HSS = PSS) both when1/2 and
whenp = g This is confirmed in Fig. 2q = 1/2 leads to HSS = PSS for all contingency w&bie Fig 4a,
wherep = 1/3, it can be seen that HSS = PSS for the aoloonresponding tgs = 1/3, but in the column
corresponding tgs = 2/3, we find HSS = 0.8 PSS.

The Heidke Skill Score may also be expressed iridim of (8), but only if the weights are allowen\tary
with bothp andgs = &= 1 and$,= &= —pg + (1 —p)(1 —q9)] / [1 —pg— (1 — p)(1 —0g)]. Allowing
these weights, and in turn the valud,db vary withgs violates Gandin and Murphy’s Requirement 2 in the
introduction, but HSS does satisfy the more imparf@equirement 1. To prove this, consider a single
column of contingency tables in Fig. 1, for whicle Wnow that the expected value of PSS for a random
forecast with a given value df is zero, i.e. E(PSE/g) = 0. Scaling PSS by an arbitrary factatill yields

the same result: EPSSp,a) = 0, and the resulting measure is still equitdiyethe definition in (6). The
only requirement ofis that it is constant within a column, which meamat it may vary with botp andgs,

but may not depend on any individual elements ef ¢hntingency table. Thus, by our more permissive
definition of equitability, the condition for a vécation measure to be equitalded linearis that it can be
written in the form

&quitable,linear: f(p, 0s) PSS +S, (16)

wheref(p, gs) is any positive function gb andgs. By ‘linear we mean simply that for givgmandgs, the
measure varies linearly with every individual memb&the contingency table. Requirement 2 of Gandin
and Murphy (1992) was a little more restrictivequiging linear variation with the elements of the
contingency table just for a givgn(and therefore excluding HSS). The merits or otlssvef allowingf to
depend orgs deserve a little discussion. On one hand, it alomeasures such as HSS totiamspose
symmetric(Stephenson 2000), i.e. to be invariant if theeobations and the forecasts are swapped. On the
other hand, if increased strongly withs, say, then a forecaster with some skill may be ablincrease his
or her expected score by randomly changing somezésts of non-occurrence to occurrence (although th
is not true of HSS). However, these consideratians independent of the property of equitability
encapsulated in Requirement 1. In the next twoi@ectwe demonstrate that it is the non-linearityaof
number of measures that prevents them from beingadde, and in section 5 it is shown how they rhay
transformed into equitable measures while retaitiiegr non-linearity.

HSS

(14)

3. Measures that are inequitable for small samplezes

There are a large number of verification measurdhe literature that cannot be written in the farh{16),
and in this section we demonstrate that they agguitable by writing out the scores explicitly ftire
examples in Figs. 1 and 3.



3.1 The Critical Success Index and the ‘Equitable Theeate’

Motivated by Finley's paper, Gilbert (1884) propod®o verification measures, the first of whichnisw
most commonly referred to as the Critical Succedex (Donaldson et al. 1975), given by

CSl=a/(a+b+0), 17)

although it is also sometimes called the Threatr&cas recognized by Gilbert (1884) and reiterabgd
Mason (1989) and Schaefer (1990), this measuretheslisadvantage that equally unskillful forecagtin
systems, e.g. those that always predict occurranckthose that always predict non-occurrence, yaeld
different score, and therefore in modern termingldgs definitely inequitable. This is revealeckatly in
Fig. 2b, where we can see also that the expectegstor random forecasts E§Sf) increase steadily with
Qs

Gilbert proposed an alternative measure in whiehetkpected number of ‘hits’ [B]p,q) = npg = (a + b)(a

+ ¢) / n] obtained by a random forecasting system withsdn@e forecast rate of occurrenqg és the actual
forecasting system, is subtracted from both numerand denominator. This measure is now most
commonly referred to as the ‘Equitable Threat Scgieen by

ETS =p-E@|p.9)]/ [a— E@|p,q) +b + c]. (18)

The presence dd, b andc on the denominator means that this measure cdérenoewritten in the form of
(13) and therefore is inequitable by Gandin and piyts Requirement 2 in the introduction. Figure 2c
shows that ETS is also inequitable by Requiremeatthough it is zero for constant forecasts ofunence

or non-occurrence, its expected value is positerandom forecasting systems with Ogs< 1. This
behavior appears to originate from its non-linegpahdence on the elements of the contingency tiabke;
given column of Fig. 1, as one progresses up thraehig contingency tables, the elememtd each change
by only one from each table to the next. Yet ET&nges by an increasing amount towards the moré&yeosi
scores. Hence there is incomplete cancellation dmivihe positive and negative scores, leadingptusiive
expected value. It turns out that ETS is monotdkyidaut non-linearly related to the truly equitabiieidke
Skill Score via ETS = HSS/(2 — HSS) (Doswell et1&90).

The origin of the name ‘Equitable Threat Scoralmeertain. Schaefer (1990) analyzed it and itdiogighip

to CSI, but called it the Gilbert Score. Mason @Péttributed the name ETS to both Schaefer (189d)
Doswell et al. (1990), but neither actually useel ttrm. The earliest reference that the authorkldooate

was Black (1994), who referred in turn to Schaéf®90) in his use of ETS. It is therefore probahks the
term Equitable Threat Score came into use in opa@tforecast verification sometime between 1992w
Gandin and Murphy first discussed equitability, &ri94, but the terminology was never justified fe t
open literature.

Although strictly inequitable, ETS does have theperty that if we calculate the expected valuesaah of
the elements of the contingency table over all iptsssandom forecasts with the samandqs, and apply
the measure to them, then we obtain ET8|i&¢),Eb|p,a),.E(c|p,a),E|p,a)] = 0. This is indicated by the
zeros in the middle row of Figs. 2c and 4c (wheB& s also zero), and could be why this measurééas
referred to as equitable before. It appears to bedaspread misconception that if a measure yieki®
when applied to the expected values of the elemehthie contingency table then it will also have an
expected value of zero over all realizations cdradom forecast. This is only valid if a measuriéniear, i.e.
satisfies (16). Indeed, Gandin and Murphy (1998ktthis shortcut for the linear measures they dwersid.
The extent to which ETS is inequitable for largeamples will be examined in section 4, along withesal
other measures.

3.2 Other inequitable measures

A number of verification measures have been adedcatore recently that have desirable propertiesiget
cannot be written in the form given by (16). Stegun (2000) proposed the Odds Ratio Skill ScoreIJOR
defined as (OR — 1)/(OR + 1), where the Odds R@i is defined asd/(bc). Note that ORSS is also
sometimes referred to as Yule’'s Q (Yule 1900).ah be seen in Figs. 2d and 4d that ORSS is indgj@ita
except for the special casepf 1/2, although Stephenson (2000) and Mason (28@83d it to be equitable
(note that even fop = 1/2 we have to neglect the casegokqual to 0 or 1, as this leads to ORSS being
undefined, although it would be a simple mattedééine ORSS to be zero for these valuesj9f As with
ETS, ORSS does award the expected random contingable a score of zero, but its non-linearity ngean
that this does not lead to its expected value allgpossible random forecasts being zero. Stepneasm
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proposed the Log of Odds Ratio, LOR = In(OR), whighather more difficult to judge for small sample
sizes due to it taking the valdeo when any of the elements of the contingency tabdezero. In practice,
LOR is a more reliable indicator of skill for raexents than, for example, the Heidke Skill Scorkiciv
tends to the meaningless limit of zero (e.g. Hogfaal. 2009).

Stephenson et al. (2008) proposed the Extreme [depeg Score,

EDS =In¢® / In(a/n) — 1, (19)
specifically for verification of rare events; theljowed that for unbiased samples it is a reliatdecator of
skill asp — 0. However, Figs. 2e and 4e show that this meaisuneequitable and, moreover, random
forecasts that over-predict occurrence (i.e. thaste highergs) are rewarded by a higher expected score (see
also Primo and Ghelli 2009). This property is stalbg CSI. Because of this, Stephenson et al. (2008)

specified that EDS should always be used with catidal (zero bias) forecasts. Hogan et al. (2008)qsed
the Symmetric Extreme Dependency Score, defined as

SEDS = Inpq) / In(a/n) — 1, (20)

which can be applied to uncalibrated forecastseutgtaining the same desirable properties for yiagfrare
events. Figures. 2f and 4f demonstrate that itillsisequitable for these small samples, althotigls time
the expected random contingency table for a gggéne. the middle rows of Figs. 1 and 3, correspogdo
PSS = 0) always receives a score of zero. The @roeg the case af; = 0, which results in SEDS being
undefined due the logarithm of zero appearing imexator and denominator.

None of the example cases in Figs. 1-4, are edeitab all values of base rate without satisfyitng t
criterion for linear equitability embodied in (16Jhe apparentneed for linearity may be illustrated by
considering what happens when we take a non-limaasformation of the equitable Heidke Skill Sctivat

is symmetric about a score of zero, for example H83ed. In the case @ = 1/2, it can be seen on
inspection of Fig. 2a that the numbers awardedetarh contingency table would be changed, but there
would still be cancellation between positive andjaive scores when calculating the expected score.
However, in the case pf< 1/2, it can be seen from Fig. 4a that there woaldonger be direct cancellation,
and the expected score would be non-zero in genEné yields an apparent conflict, since it is trey
non-linearity of some measures that imparts pddicdesirable properties. For example, the presefice
logarithms in the definition of the Log of Odds Retnd the Extreme Dependency Score (and its syriunet
equivalent) is what makes them still convey infatioraon the intrinsic skill of a forecast for lovake rates,
when the truly equitable HSS and PSS tend to a imgl@ss value of zero (Stephenson 2000, Stephegtson
al. 2008, Hogan et al. 2009). A solution to thigwima will be presented in section 5.

4. The concept of ‘asymptotic equitability’

4.1 Numerical examples for increasing sample size

The probability that a random forecasting systendpces a contingency table different from the etqubc
contingency table for the system decreases iasreases. Furthermore, the expected value ohetidn of

the contingency table will then tend towards thmadunction applied to the expected contingencietabn
increases. These arguments can be made preci¢e Wdak Law of Large Numbers and the Continuous
Mapping Theorem (e.g. Severini 2005, p. 336) ag s the function is suitably continuous. In thategt

of this paper,

lim E[S(a,b,c,d)| p.a.]= S[E(al p.q.). E(b| p.c.). E(c| p.6.). E(d | p.a)]. (1)

Since many non-linear measures are designed satth#hright-hand-side of (21) is zero, this letdthem
approaching equitability as the sample size iseased. To demonstrate this, Fig. 5a shows the &gec
value of a random forecast, with a base rate apdlpton forecast rate of occurrengeboth equal to 0.5,
as a function of the number of samphedhis was calculated by numerically computing $here for every
possible contingency table and applying (4). Ineorfbr the number of occurrencep to be an integem
must be divisible by fY= 2. The value ofip is shown in the scale at the top of the figurealt be seen that
for small n, the expected value of the ETS for a random fatesaconsiderably greater than zero, but it
decreases rapidly asincreases, to less than 0.01or 30, for any base rate. We therefore describe &TS
asymptotically equitable.e. tending to equitability (by the definition this paper) as tends to infinity.
SEDS also falls into this category, although CSgloot as it can be seen not to be equitable evérei
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limit of largen [indeed, CSI converges pay/(p + ds — pG) asn increases witlp andgs held fixed]. As found
in the previous section, far= 0.5, HSS, PSS and ORSS are all equitable far, @ahd therefore fall along
the dotted line shown in Fig. 5a. Note that in glting the expected value of ORSS, we are assuthaigt
is defined to be zero whenewgris equal to 0 or 1, and similarly for SEDS wiigi O.

Figures 5b and 5c show the same plots bup fandg, both reduced by a factor of 5 and 25 from thawsho

in Fig. 5a. The abscissa is changed since agasnoimly meaningful to consider integer values & tbtal
number of occurrencew. This time only HSS and PSS are truly equitatitews by the horizontal dotted
line. ETS exhibits the same dependencen@s before, becoming essentially equitablenfgreater than
around 30, while ORSS, EDS and SEDS tend towardisadxjity only for considerably larger sample size
for p =g, = 0.1 we find that one needs a sample size grdsderaround 1000 before the magnitude of the
expected score for random forecasts falls belowradd®.01, while fop = ¢, = 0.02 this number is many
times greater. Figure 5d shows the case for a dhibmecast withp = 0.1 andg, = 0.2. In this case the
unconditional inequitability of EDS is evident frata non-zero asymptote in the limit of lange

In the introduction we noted that ETS and ORSS hmeeiously been described as equitable (e.g. Mason
2003, Stephenson 2000); this is presumably bedabhss been implicitly assumed that the equalityli9)
holds for alln, which is only true for linear measures. Anothexywof expressing this is that the word
‘expected’ in the definition of Requirement 1 haseb treated as if it had been applied to ‘random
forecasting system’ rather than ‘score’, such thtte expected contingency table for a randomdaséing
system scored zero then the measure has beerdtesagguitable.

The extent of the inequitability of ORSS and SEDSH = g, = 0.02 is quite startling; for sample sizes
smaller than around 1000, a random forecastingsys$ias an expected score of less than —0.5. Amalrig
justification for the Requirement 1 in the introdoo was that it made hedging impossible for random
forecasting systems, but either of these measondd be ‘hedged’ by forecasting occurrence alltihee (or
almost all the time in the case of ORSS, since utridefined fogs = 1), although admittedly this would only
increase the score awarded to 0.

To determine whether asymptotically equitable messapproach zero from above or below, we may use
Jensen’s Inequality, which states that the expectaif a convex function of a random variable isibted
below by the function applied to the expectatiortha random variable, while for a concave funciiois
bounded above. For givgnandgs, the only random variable in the contingency tabkg and it is apparent
from their definitions that ETS is a convex funatiof a while SEDS and ORSS are concave functiors. of
Jensen’s Inequality therefore predicts that E[E]]B(q)] > ETS[E@|p,a)]. Since ETS[E4|p,q)] = O, the
expectation of ETS is positive or zero, while tixpectation of SEDS and ORSS is negative or zeraghwh

is indeed what is observed in Fig. 5.

Table 1 presents a list of all the measures us#dsrpaper, but placed into the appropriate categb‘truly
equitable’, ‘asymptotically equitable’, and ‘notuggble’. Here, a measure is judged to be ‘trulvigdple’

by the criterion of this paper if it satisfies Re@gment 1 given in the introduction, or equivalgrghtisfies
Eq. 6. The Peirce Skill Score is the only measar&able 1 that satisfies Gandin and Murphy's (1992
criteria for equitability. Note that there are manilier ‘not equitable’ measures in the literatina wve have
not considered (e.g. Hit Rate, False Alarm RateRnaghortion Correct).

4.2 Application to Finley’s tornado data

A classic example of a set of forecasts of rare®vis the tornado forecasts of Finley (1884). biestdered

n = 2803 forecasts for which onhp = 51 tornados occurred, so the base rate was waryatp = 0.018,
similar to Fig. 5c. His contingency table had tbkdiwing elementsa = 28,b = 72,¢c = 23 andd = 2680.
Table 1 shows the values of the various measuneshi® contingency table, together with the expecte
scores for a random forecasting syster§( calculated by summing over all possible contimmyetables
using a population forecast rate of occurreggef 0.0357, which is the proportion of forecastsainich a
tornado was actually forecast in Finley datasetth®fasymptotically equitable measures, it candes shat
the expected values of ETS and HS& a random forecast are close enough to zerbthey can be
considered to be effectively equitable for thisueabfn. This similar behavior is presumably due to thet fa
that they are both non-linear transformations oSHS

The other asymptotically equitable measures (SEB$ @RSS) cannot be considered equitable for the
Finley data, as expected scores for a random fstiagasystem are notably different from zero. Faese
measures, the key parameter in determining the aurab samples required before equitability can be
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assumed appears to be the number of ‘hits’ thatldvba expected by chance for a random forecasting
system, E4|p) = npg. In considering a range of valuespéndg,, we find empirically that when E[p) is

less than around 10 (correspondingnte 1000 forp = g, = 0.1 andn = 25,000 forp = g, = 0.02), the
magnitude of the expected score for a random fetigca system can exceed 0.01 and therefore these
measures cannot be treated as equitable. In teeotdise Finley data, the number of hits expectediance
(now for a giveryy) is only E@|p,a) = 1.82 (see also Table 4 of Stephenson 2000).

4.3 When does the difference between ‘asymptatiegliitable’ and ‘truly equitable’ matter?

In the case of Finley’s tornado data, the forecasgsactually much better than random, so it mijghargued
that in this case the theoretical concerns abanguen asymptotically equitable score can be disedsince
the actual number of hitg,= 28, is so much larger than the expected numpehbnce, E4|p,q) = 1.82. It

is true that the detrimental consequences of uasygnptotically equitable measures on small sangiles
more easily demonstrated for poor forecasts. Censid forecaster whose forecasts of rare events are
routinely evaluated using either SEDS or ORSS. rflegbb—-5d show that random forecasts may yield an
expected value of these two measures that is vaghiiower than zero. If the forecaster had lowlmiter-
than-random skill, on average, and was evaluatedy samples small enough that sometimes the farecas
sample performed worse than would be expected byagh then it is possible that the mean scorevedei
by the forecaster could be less than zero. He ervebuld rightly want to be assessed on sample® larg
enough that the verification measure could be reasy regarded as equitable, for example baseden t
criterion given earlier afipg, > 10. Therefore, considerable care should be takey such measures when
this criterion is not satisfied.

A potential solution is always to report confidenigervals on verification measures, as these indlicate
whether a set of forecasts can be considered teigmgficantly better than random. In the case & th
forecaster with low skill, his or her low value tife number of ‘hits’ will result in a large erran the
calculated performance measure, likely indicatingt tthe forecast is indistinguishable from randemcl
therefore a larger sample size is required. Tars lze illustrated with Finley's tornado data. Sugmthe
tornado predictions were only slightly better tlandom, such that (from the final two columns oblEal),

the expected value of ORSS awarded lay betweerl-@hd 0. The standard error of ORSS calculated on a
forecast that actually happened to predict closthéoexpected random elements of the contingeridy ta
(e.g. Table 4 of Stephenson 2000) is around 0.68refore, it would be very clear that the sample wa
insufficiently large to distinguish the forecasbrit a random one. The footnote to Table 1 provides
references for the calculation of the standardrefeach of the measures shown.

An alternative way to distinguish an actual forédemm a random one is to calculate the ‘p-valudijch is
the probability that a score equal to or greatentthat awarded could have been obtained by chénee.
condition this probability op andgs, then the probability of a random forecasting eysbbtaining ORSS
> ( for Finley's tornados is P(ORSSO0| p,a) = 0.55, so indistinguishable from random. Conektsthe
probability of randomly forecasting as well as ettbr than Finley's actual forecasts is P(ORSE957 |
p,g) = 6x10°%. Conveniently this second p-value is the same faftem what verification measure we
choose.

5. Non-linear equitable measures

5.1 How to make an inequitable measure equitable

It turns out that we may transform any inequitatri@symptotically equitable measiséeven a non-linear
one) into a truly equitable measi8tvia the simple linear transformation

g-_ S-EGSIpa) (22)
max(S) - E(S| p,q,)

where the only requirement &is that the expected score for a random foregastystem, E3|p,q), and
the score for a perfect forecasting system, 8axe finite. Unfortunately this excludes the O&igio and
the Log of Odds Ratio. Clearly (22) is very simitarthe classic definition of a ‘skill score’, inhich some
function of the contingency tabl® is compared to the value for a ‘baseline’ forecagtich may be
climatology, persistence or a random forecasthis tase we require that this baseline value isipaly

set to be E§|p,q).
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To illustrate this transformation, consider theues of ‘Equitable Threat Score’ far= 4 andp = gs = 1/2,
shown by the middle column of contingency table&im 2c. It can be seen that a perfect forecastescl,

the expected contingency table for a random fotesma@es 0 and the worst possible forecast scdks —
This results in B}|p,q) = 1/9. Performing the transformation in (22) gielcorresponding values for the
‘Equitably Transformed ETS’ of 1, —1/8 and —1/&pectively. It is then easily confirmed thatgp,q) = 0.

We do have the curious property that the expectedirngency table for a random forecasting system no
longer scores zero, even though the expected wdltee score overall is zero. This is a consequefcke
fact that the non-linearity has been retainedf snot possible, in general, for both of thesargities to be
zero as it is for linear measures such as PSS &&i H

Table 1 shows the ‘Equitably Transformed’ versioh&TS, ORSS and SEDS applied to Finley's forecasts
Of course, this is specifically a linear transfoand an alternative would be to apply a non-lirtesmsform,
such as that transforming ETS into HSS. Howeveas tase removes the non-linearity of the original
measure, which may not be desirable. In the casieedinear Equitable Transform of SEDS, it app¢has

we are able to have the best of both worlds: & teduitable measure that is also non-degenerateafer
events via its non-linearity. Note that for many+imear measures it is difficult or impossible drpress
E(S|p,q) analytically, so in practice it would need to ba&culated numerically in the application of an
Equitable Transform.

5.2 A method to generate non-linear equitable messu

Rather than transforming existing non-linear meesuto make them equitable, another approach to
developing equitable non-linear measures is torgéne (16) to

S f(p. g@  hp) } | 03
(pqS){E[g(anp,qs] EthG) | pra| > @9

whereg(a) andh(b) can be any positive, monotonically increasingcfion of their arguments, arf¢p,qs)
must be positive as before. The resulting measueguitable, since for a givgnandgs, a random forecast
will have expected values of 1 for the both of the terms inside the braces; these will theref@ecel to
yield an expected value for the measur&of

The Peirce Skill Score represents the simplest, egief = g, S = 0, andg(x) = h(x) = x. An example of a
non-linear measure created from (23) usesgs, S = 0, andg(x) = h(X) = x(x — 1. Since the expected
values ofg(a) andh(b) can be written out analytically in this case, aidain

_ a@-1) b(b-1)
np(np-1) (n-np)(n—-np-1 (24)
a(a-1) b(b-1)

“(@+o)@+rc-1) (b+d)b+d-1)

The value of has been chosen such that a perfect forecastakeyes 1. Application to Finley’s forecasts
in Table 1 confirms that this measure is indeedtaljle. Error bounds can be calculated for thissuemaby
modelinga andb as independent binomially distributed variabkgg: ~ Bin(np, H) andb|p ~ Bin(n(1 —p),

F), where the hit rate id =a/ (a + ¢) and the false alarm ratefks= b/ (b + d), enabling the errors imand

b to be estimated.

Note that we are not arguing that the measure showi4) has any desirable properties apart from
equitability, it simply serves to demonstrate hoswn4linear equitable measures may be generatecutdwv
be interesting to see if a measure of this formcctne developed that is reliable for rare events,duch
work is beyond the scope of this paper.

6. Discussion and conclusions

Gandin and Murphy (1992) pioneered the concepigaitability and proposed the definition expressgd b
the two requirements stated in the introductiorthia paper we have argued that only the firsteisessary:
that an equitable verification measure awards aitdom forecasting systems, including those thaaysw
forecast the same value, the same expected scaletafed discussion of why this is desirable wiggmin
the introduction. By removing Gandin and Murphyisehrity requirement, equitability is no longer
incompatible with some other desirable properisesh as being a reliable indicator of skill forer@vents.
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We have highlighted that there appears to be sooméusion in the literature about the meaning of
equitability, by demonstrating that the widely usesdification measure ‘Equitable Threat Score’ (ETS
not in fact equitable. Given this fact, we recomthémat the measure is in future known by one obiteer
names, most obviously the Gilbert Skill Score (Mag6003), and that the terminology ETS is avoide& W
suggest the term ‘asymptotically equitable’ to diégc measures, like ETS, that are equitable onlthan
limit of a large sample of forecasts, leading t® hirerarchy of equitability shown in Table 1.

This has implications for the selection of verifioa measure to use in a particular applicationnia
newcomers to the field of forecast verification beswildered by the number of different measureslabla

to measure the skill of a set of binary forecaais] ask why there is not one that is the best¢o As has
been stated by previous authors, the problem is different measures have desirable properties (e.g
equitability, difficulty to hedge and usefulness fare events) in different amounts, and nonerangtin all.
Moreover, it is difficult to recommend a single raaege because the verification problem is inheremiti-
dimensional (Murphy 1991). Nonetheless, if equitgbiis regarded as high on the list of desirable
properties, then Table 1 provides some guidangaeierred measures to use.

In general, the case for advocating asymptoticadjyitable measures over inequitable ones is easyke
since the other desirable properties can alwaysreb@ned. If we adhere to Gandin and Murphy's
requirements for equitability then the same dodshotd for advocating true equitability over asywotpt
equitability. A clear example is the property aideng to a useful value in the limit of very raneents p —

0), which is possible for EDS and SEDS by the ddegarithms in the definition of these measureg,the
resulting non-linear dependence on the elemeniseofontingency table is what makes them violatedda
and Murphy’'s second requirement given in the iniagn, and the two desirable properties of true
equitability and being non-degenerate for rare evappear to be incompatible. If we have a largrigh
sample then an asymptotically equitable measurebwilclose enough to equitable that this dilemmeasgo
away, Stephenson et al. (2008) and Hogan et aD9(26learly showed that for large datasets, thby tru
equitable HSS and PSS measures were degenerated@vents, a problem overcome by the use of EDS o
SEDS (provided the former is calibrated first).

For smaller sample sizes when the inequitabilitthdse measures is likely to be more of a probteere
appears to be a simple solution: by rejecting Gardid Murphy’'s second requirement of equitability

are permitted to rescale non-linear measures ssiBEDS so that they are truly equitable while nétgj

their desirable properties for verifying rare egerithis opens up the possibility of new equitabéagures to

be designed that have many more desirable propetien has previously been possible to encapsulate
within a single measure.
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Appendix

In this appendix we prove that&f) = S for all p andq, if and only if ES|p,q) = & for all p andg,
leading to Equation 6. The backwards implicatiostraightforward: E%|p = E[E(S|p,q)] = E(S) = S for
all p andg,. For the forwards implication we Iét ngs. Then

E(S|p) =E[E(S|p, f)]= iC(n, f)a, @-a,)"" Y P(alp, )S(a),

where we have written Blp,f) for P@|p,q) andSa) for Sa, f — a, pn — a, n — pn — f ).aNow P@|p,f and
Sa) are independent aj, so EG|p is a polynomial ing,. But ES|P is constant irg, by assumption and
equal t0S. Therefore, the coefficients q;if must be zero for afl > 0 and must equahk whenf = 0. We
show by induction that these restrictions implyttha

E(SIp, f)=) Palp f)S@@)=5,
forallf=0, 1, ..., n The coefficient oqpf in the polynomial is
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Zf:C(n,t)C(n —t,n—f)(-1)"" > P(a| p,t)S(a).
Whenf = 0 we obtain

S =D _P(al p.0)S(a).

We assume thaﬁla P(a] p,r)S(a) = S forallr =0, ..., f — 1 The coefficient ofy, is then

SO§C(n,t)C(n —t,n— )" +C(n, f)D_P(al p, f)S(a).

Now
fC(n,t)C(n —t,n—f)(-)""
- (3" HYC(F DD’
~(-n'cn, f){zc:(f DD - (- }
——C(n, f).

Thus

-C(n, ) +C(n, f)> P(alp, f)S(a)=0,

and the result follows.
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Table 1. The first column classifies various vedfion measures into those that are ‘truly equitafle.
satisfy Requirement 1 in the introduction for aaynple sizen, base rat@ and population forecast radg),
those that are ‘asymptotically equitable’ (equigabhly in the limitn — oo, for all p andq,), and those that
are not equitable. The second column gives theevalithe measure when applied to Finley's (188d4)ado
forecasts, together with the standard error*. Thiedtgives the expected value of the measure for an
equivalent random forecasting system with the sparas Finley's data, and a population forecast rate of
occurrencej, set equal to the value gf for Finley’s data; hence the value shown iS|( as defined in (3)
and (4). The fourth column gives the score wheriego the expected values afd for an equivalent

random forecasting system, i.8[E(a| p,q.),E(b| p,q.).E(c| p,q,),E(d| p,q,)]- The truly equitable

measures are the only ones to have a score ofrz#re third column.

Name of measure

Results for Finley’s tornado forecasts

Expected Score for expected
Score* random score random table
Truly equitable (linear)
Peirce Skill Score (PSS) 0.523+0.069 0 0
Heidke Skill Score (HSS) 0.355+0.058 0 0
Truly equitable (non-linear)
Equitably-transformed ETS 0.216+0.043 0 —0.0001
Equitably-transformed ORSS 0.963+0.011 0 0.13
Equitably-transformed SEDS 0.646+0.038 0 0.13
Equation 24 0.296+0.077 0 — 0.0007
Asymptotically equitab
‘Equitable’ Threat Score (ETS) 0.216+0.043 0.0001 0
Heidke Skill Score cubed (H3S 0.045+0.022 0.000004 0
Odds Ratio (OR) 45+14 +00/+1.03 % 1
Log of Odds Ratio (LOR) 3.81+0.31  —oo/—0.07*** 0
Odds Ratio Skill Score (ORSS)** 0.957+0.013 -0.14 0
Symmetric Extreme Dependency Score (SEDS) 0.593+0.044 -0.15 0
Not equitabl
Critical Success Index (CSI) 0.228+0.038 0.012 0.012
Extreme Dependency Score (EDS) 0.740+0.048 -0.07 0.091

*Standard errors have been calculated for the warszores according to the following papers or oathPSS (Stephenson 2000);
HSS (Hogan et al. 2009); ETS (as a monotonic fanctif HSS); OR, LOR and ORSS (Stephenson 2000),SSgH»gan et al.
2009), CSI (Hilliker 2004), EDS (Stephenson et28l08), the equitably-transformed measures (by paifgg an error analysis on

Eq. 22), and Equation 24 (as outlined in the text).
**Note that ORSS is truly equitable for the speciase op = 0.5.

***Strictly the expected values of OR and LOR aménity, but if the one or two occurrences of irifynare removed from the mean,

the resulting expected values are 1.03 and —Ce@gectively.
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= 1/6
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Sample forecast rate of occurrence, gs=(a+b)/n

Figure 1. The possible contingency tables for nunabdorecasta = 4 and base rajg= 1/2, as a function
of the sample forecast rate of occurregg@nd the Peirce Skill Score. The elements of thdigency
tables area—d as shown in the white table to the top left. Thenbars above each box giveaR{,c,dp,qs).
the probability of that table occurring randomlyen one has a particular base rate and samplea&ireate
of occurrences. Therefore these conditional probabilities surorie in each column.
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(a) Heidke Skill Score, Peirce Skill Score (d) Odds Ratio Skill Score

1 1
] 1/2 1/2 ) 1 1
Possible 0 0 0 Possible — 0 "
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-1/2 -1/2 -1 -1
-1 -1
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(b) Critical Success Index (e) Extreme Dependency Score
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] 1/2 2/3 ) 0 1
Possible 0 13 172 Possible 1 0 1
scores S scores S
0 1/4 -1 0
0 -1
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(c) ‘Equitable Threat Score’ (f) Symmetric Extreme Dependency Score
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Figure 2. Values of the scores for each of theingency tables given in Fig. 1, together with tlkpexted
score E§|p,q) for each value of sample forecast rate of occwegy, at the bottom of each column. The
asterisks in panels d and f indicate that a vaueidefined due to zero divided by zero or infimityided by

infinity.
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Figure 3. As Fig. 1 but for number of forecasts 3 and base rafe= 1/3.



(a) Heidke Skill Score

(d) Odds Ratio Skill Score

1 1
2/5 1
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(b) Critical Success Index (e) Extreme Dependency Score
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(c) ‘Equitable Threat Score’ (f) Symmetric Extreme Dependency Score
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Figure 4. Values of the scores for each of theingency tables given in Fig. 3, together with tlkpexted
score for each value of sample forecast rate afroence at the bottom of each columm3g,@;). Measures
are only truly equitable if they have $f,a) = 0 in each column. The asterisks in panels dfandicates
that a value is undefined.
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Figure 5. The expected values of a number of watitbn measures, Hp), versus sample size, for random
forecasting systems with base ratand population forecast probability of occurregg®f (a)p = g, = 0.5,
(b)p=0g,=0.1, (c)p =g, = 0.02, and (dp = 0.1 andg, = 0.2. The undefined values are removed from
consideration when calculating SEDS, but when tloeseipy more than 25% of probability space, SEDS is
not plotted; this only affects panels b and d.



