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1. " Bennett-Talagrand theorem"

(Based on notesfrom T. Payne, MetO.) Thereisavery ssimple result that gives the expected
value of the cost function at the minimum which shall now be developed. Assume data
assimilation system is optimal (e.g. al error covariance matrices are correctly specified). Then

Xa = Xp = K(y — HXyp), (1.1
where K = BHT(HBH' + R)™. (1.2)

We wish to evaluate the expected value of the cost function at x = X,. This expected valueis
written E [J (Xo)] and the cost function at the analysisis (given a specific background state and
set of observations)

J(Xa) = Jp(Xa) + Jo(Xa), (1.3
where  Jp(X,) = %(xa — xp) B (Xq — Xp), (1.4)
and  Jy(Xy) = %(y — Hxa) R (y — Hxy). (15)

The analysis, background and observation errors are (again given a specific background state
and set of observations)

Ea = Xa — Xta (1.6)
&p = Xp — X (1.7)
g0 = Y — Hx. (18)

The analysis error can be developed as follows (using (1.1), (1.7) and (1.8))

€a = Xg — Xp + &p,

K(y — HxXp) + &,
Ky — HXp — Xt) — HXp) + ep,

K (go — Hep) + &,

(I = KH)&, + Keg. (1.9
Equations (1.4) and (1.5) are inner products. To evaluate them, the following identity is useful

u'Cv = Y uCyy; = tr(Cvu'). (1.10)
i
The expectation of the background term (1.4) is

E [Jp (Xa)]

1 i
SElr(B Y (Xa = Xp) (Xa — Xp))]

1
S (B 'El(Xa — Xp) (Xa — Xp)'1),

2B (0 ) (ca — '), (111)

where (1.6) and (1.7) have been used for the last line. Part of the last line is the expression



El(ea — b)(ea — €p)'] Which may be developed using (1.9)
El(ea — &) (ca — 20)'] = Eleaga + eoep — £ath — &beal s

= (I - KH)E[epep] (1 — KH)" + KE[eoed] KT + E[epen] —
(I = KH)E[epef] — Efepen] (I — KH)',
(I —KH)B(l — KH)" + KRK" + B — (I - KH)B
—B(l - KH)T,
B + KHB(KH)' — B(KH)" — KHB + KRK" + B - B
+KHB - B + B(KH)',

KHB(KH)" + KRK". (1.12)

These steps assume that background and observation errors are mutually uncorrelated. Using
the definition of K (1.2)

El(ea — €b)(ca — €p)']

BH (HBH' + R)y*HB(BH' (HBH' + R)*H)" +
BH'(HBH' + Ry 'R(BH' (HBH™ + Ry,
BH'(HBH' + Ry *HBH' (HBH' + Ry 'HB +
BH'(HBH' + R)y'R(HBH" + R)'HB

= BH'(HBH' + R)'HB = KHB. (1.13)
Inserting (1.13) into (1.11) gives
E[Jp(Xa)] = %tr(BlKHB). (1.14)
Note the following identity, which holds for matricesE and F, whereE isr x sandFiss x r
tr (EF) = i S EiF; = i EF,,-Eji = tr (FE), (1.15)
j=1i=1 i=1j=1

ie, the order of the operators inside the trace can be reversed. Applying (1.15) to (1.14) gives
E[J(X] = %tr(KH). (1.16)
Using (1.10) the expectation of the observation term (1.5) is

1 _
E[Jo(xa)] = SE[tr (R Yy - Hxa) (y — Hxa")],

1 _
SR 'Ely - HXa (y — Hx))'D),

% tr (R™ME[(eo — Heg) (e — Hen)'l). (1.17)

where (1.6) and (1.8) have been used for the last line. Part of the last lineis the expression
El(eo — Hea) (8o — Hea)'] which may be developed using (1.9)

El(¢o — Hea) (6o — Hen)'l = HE[eaeal H' + Eleogo] — HE [eago] — Eleoeal H',
= H{(l - KH)E[epes] (| — KH)" + KE[epea] KT} H"
+E[eoee] — HKE[eoea] — Eleqea]l KTHT,



H{(l - KH)B( - KH)' + KRK'}JH" + R

~HKR — RK'H',
= HBH' + HKHB(KH)'H" — HB(KH)'H" — HKHBH'
+HKRK'™H" + R — HKR — RK'H". (1.18)

These steps assume that background and observation errors are mutually uncorrelated. Using
the definition of K (1.2)

El(eo — Hea) (g0 — Hen)'l = HBH' + HBH' (HBH™ + R)™"HBH'(HBH' + Ry *HBH'
~HBH' (HBH" + Ry *HBH" — HBHT(HBH' + R)*HBH"
+HBHT (HBH™ + R)*R(HBH' + R)"HBH' + R
~HBH' (HBH' + R)'R — R(HBH' + R)"HBH".
Merging the 2nd and 5th terms leads to
El(go — Hea) (o — Hen)'] = HBH' + HBHT(HBH' + R)"HBH'
~HBH' (HBH' + Ry *HBH" — HBHT(HBH' + R)*HBH"
+R — HBH'(HBH' + R)*R — R(HBH' + R) *HBH".
Further simplifications can be made by merging the 3rd and 6th terms and the 4th and 7th terms
El(eo — Hes) (60 — Hen)'l = HBH™ + HBHT(HBH' + Ry*HBH' — HBH' — HBH' + R,
= HBH {(HBH' + R)y*HBH' - I} + R. (1.19)
Consider the term inside the curly bracketsin (1.19)
(HBH' + Ry™"HBH" — | = (HBH™ + R)"HBH' — (HBH' + R)"(HBH' + R),
= (HBH' + R)'[HBH" — HBH' - R],
= —(HBH' + R)'R. (1.20)
Using (1.20) to rewrite (1.19)
El(eo — Hea) (60 — Hea)'l = —HBH' (HBH™ + R) 'R + R. (1.21)
Substituting (1.21) into (1.17) and then using (1.15) gives

ElJo(X)] = = tr(R[-HBH"(HBH" + R)'R + R]),

P N

Ztr(-HBHT(HBH' + R)™* + I,

=N

= —tr(-HK + 1) = %(— tr (HK) + p) = %(— tr(KH) + p), (122

N

where p is the number of observations. The sum of the background and observation termsis
(using (1.3), (1.16) and (1.22))

E(J(Xa) = E(Jp(Xa) + E(Jo(Xa),
- %(tr(KH) —tr(KH) + p) = ‘—2). (1.23)

The involved derivation leads to the ssmple result that the expectation of the minimum of the
cost function has value equal to half the number of observations. Some people have called this
the Bennett-Talagrand theorem.



2. " Desrozier diagnostics'
How can we test the consistency of VAR?

Analysisincrements
O0Xg = Xa — Xy = Kdb.
Kaman gain
K = BH (HBH' + R)*.

B, R are the background and observation error covariance matrices specified in the data

(2.1)

(2.2)

assimilation (and K isthe Kalman gain that follows). These may be mis-specfied. B, R arethe
correct background and observation error covariance matrices which may be diagnosed by

looking at actual statistics and K is the correct Kalman gain that follows.

O-B, A-B, O-A EXPRESSIONS

Innovation (observation minus background difference in observation space)
dg =Yy - h(Xy) =~ & — Hey,
&, Observation error, &, background error.

Now express other important differencesin terms of the innovations.

Analysis minus background difference in observation space
dp = Hox, = HKdp.

Residual (observation minus analysis in observation space)
da=Yy-hX) =y - h + X

~ Yy — h(X) — Hx, = dj — HKd = (I — HK)d}.

MEASURED STATISTICS

O-B -- O-B statistics (assume background and observation errors are uncorrel ated)
E{dRd } = Ef(eo — Hew)(eo — Hew'}.

E{eoeo} — Efeorn}H' — HE{eneo} + HE {enep} H',

R + HBH'.

A-B -- O-B datistics (use (2.4), (2.6), (2.2)
ayol 2 040" 2 T
E{dbdb } = HKE{dbdb } = HK(R + HBH ),
= HBH'(HBH" + Ry *(R + HBH").

(2.3)

(2.4)

(2.5

% (2.6)

(2.7)



If B = BandR = R then (2.7) becomes
E{dd°} = HBHT(HBHT + R)*(R + HBH") = HBH". % (2.7)

O-A -- O-B statistics (use (2.5), (2.6), (2.2))
E{d%dS'} = (I — HR)E{d%d®} = (I — HK)(R + HBHT).

= (I = HBHT(HBH' + Ry (R + HBH"). (2.8)
If B = BandR = R then (2.8) becomes
E{d%d2'} = (I — HBHT(HBH + Ry)(R + HBHT) = R. % (2.8a)

A-B -- O-A dtatistics (use (2.4), (2.5), (2.6), (2.2))
aqo! 2 040" oNT Y, T ZN\T
E{did] } = HKE{dpd} } (| — HK)" = HK (R + HBH)(I — HK)',
= HBHT(HBH' + Ry"(R + HBH")(I — HBH'(HBH™ + Ry)". (2.9
If B = BandR = R then (2.9) becomes
E{d3d®'} = HBH"(I — HBHT(HBH™ + RyYT.
Writel = (HBH' + R)(HBH" + R)™
E(d2d2'} = HBH (HBH' + R)(HBH™ + Ry — HBH"(HBH" + R)™),
= HBH'([HBH' + R — HBH'](HBH" + R) YT,
= HBH'(R(HBH™ + Ry YT,

= HBH'(HBH' + R)'R. * (2.9a)

Note that the inverse Hessian hastheform A™ = B + H'R!H and the Sherman-Morrison-
Woodbury formulaintermsof A isA™BHT = HTR(R + HBHT). Thismakes (2.93)

E{dd'} = HAH". (2.9b)




