Summary of Mathematical Toolsuseful for Data Assimilation Theory

Vector representation
of information

Matrix operator

Identity (or unit) matrix

Matrix addition

Matrix multiplication

Matrix inversion

. Vi
v e R e |
. v =
Vg = NVj,
vg € R", vp € R, N e R™",
n
(Ve = D Nj(va), L<i<m
i=1
J/ N;
[ O
N =
1 0 O
0 1 O x
Ip = 0 0 1 . (Ip)ij = éi]a Ip S Rp p‘

N = Na + Ng, N;j = (Na)j + (Np)jj,
N, Np, Ng € R™".

p

N = NaNg, Nj = > (Nai(Np)
k=1

N e B™" Np e R™P Ng e RP"
Na andNg are not commutative, i.e. in general

NaNg # NgNa.
Pre multiplication by the identity matrix
IoNg = Ng.
Post multiplication by the identity matrix
Nalp = Na.
Multiplication by a scalar
(aN);j, a N;.

Let N be a squarén = n) non-singular matrix.
If VB = NVA, thenVA = N_l\/B,

Va, Vg € R, N, Nt e R™"

N is singular if it has zero determinant, and the inverse cannot be found
general. In general

(N = (Np™.
Computing the inverse of a matrix is a non-trivial exercise in general. F
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Diagonal matrix

Matrix transpose

Transpose of a product
of matrices

Symmetric matrix

Gramian matrices

Vector inner product
(or scalar product, or
dot product)
(Euclidean)

2 x 2 matrix

Nll N12
N21 Nao

N22 _N12
_NZl Nll

a1
~ det(N)

b b

det(N) = N3iN2; — NpoNos.

A diagonal matrix has
Nij =0ifi 2, N e R™ ",
If N is square

N = diag(/ll, /12, ) = 0 /12

The inverse of a square diagonal matrix is
(N = (Niph, (N = Ofori = j,

Ny, 0 0 ..\ [1/Nyg O 0
0 Np O .| | 0 1/Np 0 ..
0 0 N .. 0 0  1/Ns ...

The matrix transpose makes rows into columns and columns into rows
Ng = Na, (Ng)ij = (Naji,
Ng € R™" Np e R™*™,
(NA)ll (NA)21

Ng = | (Na)i2 (Na)22 |.
(Na)1z (Na)2s

(Na)11 (Na)12 (Na)is

NA =1 (Nwor (s (Naas |

(NaNg)" = NENp.

A matrix is symmetric if
N =N, Nj=N;, NeR™"
Only square matrices can be symmetric.
Gramian matrices are of the foliN
NTN c Rnxn N c Rmxn NT c anm
Gramian matrices are symmetric.

n
.
a=Va-Vg=VaVg = (Va,Vg) = 3 (Va)i (V).
=1

Va, Vg € R, a e R.
n
b=vv=(,v =Y M= IvI
i=1

veR beR.



Vector inner product
(non-Euclidean)

Vector outer product

Schur (or Hadamard)
product

Scalar valued function
of a vector

Generalized chain rule

Vector valued function
of a vector

The Jacobian of a
function

Eigenvectors and
eigenvalues

a = Va - (CVg) = VACVg = (Va, Ve)c = D, (Va)i Y, Cj (Va);,

i=1 j=1
Vap € Rn, Vg € Rm, C e Rnxm, a e Rl,

n
b=vCv=(,vc=3V
i=1

m
2
Cijvj = Ihvllg,
=1

J
veR,Ce R beR

N = VaVg, Nij = (Va)i (Va);,
Ne R vy e R, vg € R".
N = Na o Ng, N;j = (Na)ij (Ng)jj,

N, NAa NB € Rmxn.

fv), f e R, veR"
The vector derivative

Jf l dv,

If\" af 1 dv,
viw = (o) =77
of [ dv,

feR,v V,f e B"

f(VB)s VVAf = NTVVBf’
feR,vge B" vo € B", N e R™",

V,,f e R, V,f e R", N ¢ R™"™

Vg = NVa,

f(v), f e R", v e R"

Letf (v) be a non-linear function of The Taylor expansion éf(v) about

VvV is
f(v +dv) =f(v)+ Fdv + h.o.t,

h.o.t. stands for higher order ternisis called the Jacobian bfv) aboutv

of of;

feR" vove R, Fe R™"
dfi/ dv; are called Fréchet derivatives.

F

’
\

\

The kth eigenvectaiv,) and eigenvaluély) of matrixN
Nv, = Aka,

NeBR™" v, e B, % e R, 1 <k <n.



Orthonormal matrix

Singular vectors and
singular values

The trace of a matrix

The variance and
standard deviation of a
scalar

The covariance between
two scalars

LetV = (ViVa... V) = [V1]|V2]... [Vn],

A = diag(/ll, Aoy oo An),

NV = VA, N, V, A e R™".
If N is real-valued and symmetric, théris an orthonormal matrix.
For theR?*2 matrix below the eigenvalues and eigenvectors are

N = Ni1 Nio _ Y2(N11+ Np2— B) 0
N21 Nz |’ 0 Y5(N11+ Noo + )

9

@1(N11— Naz— B)/ 2Ny, a2(N11— Naz+ B)/2N2q
aj az

V =

’

Whereﬂ = \/N%l — 2N11N22+ 4N12N21 + N%z,
2 _1p 2 Y
a; = {[(Nll_ N2z — B8)/2N21]” + 1} , O = {[(Nll_ N2z + 8)/ 2N21]” + 1} .

VIV =1, Ve R™ n<m
If V is square and orthonormal théh = V2.

NV =UA, NU=VA UU=1, VV=I,

NeBR™ VeR” UeR™, Ae R*" p = rankofN.

V is the matrix of right singular vectond,is the matrix of left singular
vectors, and\ is the diagonal matrix of singular values. The following
eigenvalue equations exist fgrandU

N'NV = VA, NN'U = UA.
Let N be the a square matrix. Its tratgN) is defined as

n
tr(N) = Z Ni, N e R™".

i=1

The variance is a statistical concept and requires a population of sgalar
1 < | < N. The variance df is approximated by the sample variance

N
var(s) = {(s - <s>)2) = N; 2(§ — <o),
- =1

l N
the sample mearsy = = Y's.
=1

The standard deviation efis

0s = Jvar(s).

N.B. The(e) used as a mean in the above is different fron{sthe)
involved in the definition of the scalar product between two vectors.

Consider a population of two scalaggands;, 1 < | < N. The sample
covariance betweesy andsg is

COV(Sh, S8) = ((Sa — (Sa)) (S8 — (®))),



The correlation
between two scalars

The covariance matrix
between two vectors

Matrix of standard
deviations

The correlation matrix
between two vectors

The rank of a matrix

The Fourier transform

= Z (Sa — (Sa)) (S5 — (Se)).
N -1
The covariance between two scalars can be negative, zero or positive.

COV(Sa, Sg)

05,05

Cor(sa, ) = —1<cor(s, S <1

Consider a population of two vectovg, andvg, 1 < | < N. The sample
covariance betweer, andvg is

COV(Va, V) = {(Va — (Vad) (Vg — <VB))'),

1 N
N_ 1 2 (Va = (Va)) (Vg — <Va)',

COV(Va, VBl = N7 Z«VA). (VAR (Va)) = <(Va)Y),

CoV(Va, Vg) € B™" Vvh € B™ vk e R".

If va = vg(= V), thencov(v, v) is the autocovariance matrix wfvhere
v € R" cov(v,v) e R"™". Diagonal elements are variances of each
element ofv, i.e.cov(v, v); = var(v)).

Letz = diag(var’?(vy), var’?(vy), ... ),
e R"" veR"

cor(v, v) = = cov(v, )T},
V. V) cov(V, V)
cor(v, v); = ,
T vart?(v) var? (vy)
cov(v,v) e R™" cor(v,v) e R"™*" v ¢ R".

The rank ofN is the number of independent rows or columnN ¢tonsider
e.g. theith column ofN as a vectom;). A column (or row) is dependent if
it can be written as a linear combination of the other columns (or rows).
rank of a matrix is also the number of non-zero singular values. The ral
a square matrix is also the number of non-zero eigenvalues.

The real-to-spectral space transform in 1-D (1-D Fourier transform)

fk = f (x) exp(-ikx)dx, i = V-1

=]
V27 Ix
The spectral-to-real space transform in 1-D (1-D inverse Fourier transfc

f(x) = f (k) exp(ikx) dk.

.y
V2r Jk
The real-to-spectral space transform in higher dimensabd#{ensions)
_ 1 .
f(k) = (20 fjfxf(x) exp(—ik - x)dx.
The spectral-to-real space transform in higher dimensions

f(x) = (Zﬂ—l)dm”jkf(k) exp(ik - x) dk.

The Fourier transform relies on the orthogonality relationships
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Convolution theorem

Fourier series

Lagrange multipliers

The Sherman-
Morrison-Woodbury
formula

R.N.B. Nov 2010

J.J.J' exp(ik - x) exp(-ik’ - x)dx = (27)%8(k — k'),

fjfk exp(ik - x) exp(-ik - X)dk = 2n)*6(x — X).

=

f/_, dX g(x — X)f (¢) hasE.T. 2zgk)f (k).

Fourier series are the discrete versions of the Fourier transform (real ar
spectral spaces comprisihgdiscrete points). In 1-D

_ 1N
f(k) = — f(x) exp(—=ikix),
N j; j) EXP j
1 &,
f(x) = —= D, f(k) exp(ikx),
)= R T ey

N
Z eXp(ikin) exp(—iki/x,-) = N(Sii’a
=1

N

Y’ exp(ikix) exp(-ikix) = Noj.
i=1
Representing (x)) as the vectof andf (k;) as the vectof allows the
discrete Fourier transform, its inverse and the orthogonality relations to

written compactly via an orthogonal matrix transform

f=F, f=FFf FF =1, FF=I,
where T means transform and complex conjugate. Matrix elementzref

1 .
R = W exp(—ikix).

Problem: find the stationary point bfxy, X, ... , Xy) subject to the
constraintg, (X, Xo, ... , Xy) = 0forl < m < M. Thisis a problem
with N degrees of freedom amdi constraints. The constrained variational
problem is expressed as
M

_f+zgm/1m

9%, m=1

wherel,, is the Lagrange multiplier associated with ifith constraint. This
can be written in the following matrix form

Vf+G1=0, xeR%,1eR" Ge"N
wherex =(Xq, X, ... , Xn)', andGm = dgm/ X

= 0, 1<n<N,

(A+cDht=At-A'cyu +DA'c)D'A™
ReplacingC — CB and then settin@ = D = H andA = R, the
following useful formula results

B!+ HR'H)BH = H'R'(R + HBH").



